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CHAPTER  1 
INTRODUCTION 


1.1  Introduction 


Non-linear  response  of  geotechnical  structures  typically  results  from  plastic 
yielding  and  large  deformation  of  the  soil  skeleton.  There  are  many  classical  geotechnical 
applications  where  non-linear  effects  due  to  these  two  factors  could  critically  influence 
the  outcome  of  a  numerical  analysis.  Two  examples  are  large  movement  of  slopes  and 
tilting  of  a  tower  due  to  P-8  effect.  The  impact  of  large  deformation  and  plastic  response 
is  most  evident  in  soft  clays.  It  is  a  well-known  characteristic  of  clays  that  considerable 
time  is  required  for  the  occurrence  of  the  compression  caused  by  a  given  increment  of 
load.  Two  phenomena  contribute  to  this  large  time  lag.  The  first  is  due  to  time  required 
for  the  escape  of  the  pore  water.  It  is  called  the  hydrodynamic  lag  or  consolidation,  a 
phenomenon  which  involves  transient  interaction  between  the  solid  and  fluid  phases  of  a 
soil-water  mixture.  The  second  phenomenon  is  called  plastic  time  lag  or  secondary 
compression.  The  slow  continued  compression  that  continues  after  the  excess  pore 
pressures  have  substantially  dissipated  is  called  secondary  compression.  Secondary 
compression  occurs  because  the  relationship  between  void  ratio  and  effective  stress  is 
usually  somewhat  time-dependent:  the  longer  the  clay  remains  under  a  constant  effective 
stress,  the  denser  it  becomes. 


Various  problems  of  coupled  fluid  flow  and  deformation  in  porous  media  arise 
frequently  in  the  fields  of  geotechnical  engineering,  groundwater  hydrology  and  plate 
tectonics,  among  others.  Slope  stability  analysis,  surcharge  loading  for  consolidation 
drainage,  embankment,  excavation,  settlement  of  bridge  approach  pavements  etc.  are  a 
few  examples  of  a  wide  spectrum  of  geotechnical  applications  that  involves 
consolidation. 

The  behavior  of  soil  during  consolidation  is  governed  by  the  differences  between 
the  total  stresses  acting  on  the  soil  mass  and  the  pore  pressure.  In  most  practical  field 
cases  it  is  necessary  to  describe  the  effective  stress field 'to  characterize  the  strength  and 
deformation  properties  of  the  soil.  Although  the  no-flow  (undrained)  and  the  free-flow 
(drained)  conditions  can  be  analyzed  using  a  single-phase  continuum  formulation, 
consideration  of  a  two-phase  soil-water  relationship  in  a  saturated  soil  medium  is 
essential  in  characterizing  the  soil  behavior  during  the  transient  period  of  excess  pore 
pressure  dissipation.  The  physics  involved  in  consolidation  phenomenon  requires  that 
appropriate  numerical  analysis  address  coupled  response  of  solid  and  fluid  phases. 

1.2  Research  Focus 
The  mathematical  structure  and  numerical  analysis  of  nonlinear  consolidation  at 
small  strains  are  fairly  well  developed  and  adequately  documented  [1-10].  The  general 
approach  is  to  write  the  linear  momentum  and  mass  balance  equations  in  terms  of  the 
solid  displacement  and  fluid  potential  (or  pore  water  pressure),  and  then  solve  them 
simultaneously  via  a  two-fold  mixed  formulation.  The  small  strain  assumption  simplifies 
the  linear  momentum  balance  equation  since  it  produces  an  additive  form  of  elastic  and 


plastic  deformations.  In  the  context  of  finite  element  analysis,  the  small  strain  assumption 
also  simplifies  the  mass  conservation  equation  since  the  volume  change  of  the  mixture 
becomes  a  linear  function  of  the  nodal  solid  displacements. 

In  spite  of  substantial  development  of  computational  methods  for  small  strain 
consolidation,  mathematical  models  capable  of  handling  the  problem  of  coupled  fluid 
flow  and  large  deformation  of  the  soil  matrix  are  not  developed  well  enough  to  be  useful 
for  routine  analysis  of  prototype  geotechnical  structures.  Extensions  of  the  small  strain 
formulation  of  the  classical  consolidation  equations  to  large  deformation  are  based 
primarily  on  the  use  of  rate-constitutive  equations  [8,9,12-14].  In  addition  to  the 
restrictions  of  small  elastic  strains  imposed  by  this  hypoelastic  formulation,  it  also 
obscures  a  proper  definition  of 'mean  gradient'  and  'average  volume  changes'  necessary 
for  imposing  the  mass  conservation  equation  at  finite  increments.  Consequently,  second- 
order  terms  in  the  hypoelastic  extension  are  ignored,  particularly  in  the  mass  conservation 
equation,  which  leads  to  a  degradation  of  accuracy  when  the  load  increment  is  large. 

The  present  study  adopts  an  alternative  formulation  for  large  strain  elastoplasticity 
based  on  the  multiplicative  decomposition  of  the  deformation  gradient.  This  method 
completely  circumvents  the  'rate  issue'  in  large  deformation  analysis  [17,18],  and  allows 
for  the  development  of  large  elastic  strains.  Multiplicative  decomposition  technique 
better  represent  the  particulate  nature  of  soil,  much  like  for  metals  from  its  crystal 
microstructure.  It  provides  a  means  for  describing  mathematically  the  relationships 
between  the  reference  configuration,  the  current  configuration,  and  the  unloaded,  stress- 
free  intermediate  configuration  of  a  soil  assembly  subjected  to  large  deformation  in  the 
microscopic  sense.  A  more  recent  development  [19,20]  indicates  that  the  multiplicative 


decomposition  technique  can  be  exploited  to  such  an  extent  that  the  resulting  algorithms 
may  inherit  all  the  features  of  the  classical  model  of  small  strain  plasticity. 

Proper  characterization  of  fluid  flow  is  another  long-standing  issue  in  large 
deformation  consolidation  analysis.  Classical  theory  of  mixtures  [21-26]  is  employed  in 
this  study  to  describe  coupled  response  of  solid  and  fluid  phases.  Accordingly  soil-water 
mixture  is  viewed  as  a  two-phase  continuum,  appropriate  balance  principles  that  govern 
the  interaction  between  the  solid  and  fluid  constituents  are  derived.  In  contrast  to 
previous  formulations  of  the  mixture  theories,  however,  this  study  focused  on  the  motion 
of  the  solid  phase  alone  and  uses  the  constitutive  flow  theory  in  terms  of  relative  motion 
of  the  fluid  with  that  of  the  solid  [27].  Spatial  form  of  generalized  Darcy's  law  is  used  to 
describe  the  constitutive  relation  of  the  fluid  phase. 

Due  to  its  simplicity  and  practicality,  modified  Cam-Clay  (MCC)  model  [28,  29] 
of  critical  state  soil  mechanics  is  adopted  in  this  study  to  represent  the  nonlinear 
responses  (plastic  and  viscoplastic)  of  the  solid  phase.  Important  features  like 
hyperelasticity  and  bilogarithmic  compressibility  law  are  added  to  MCC  model  to  better 
simulate  the  behavior  of  soft  clay  in  large  strain  regime. 

Finally  the  mathematical  framework  of  non-linear  large  deformation 
consolidation  analysis  is  implemented  in  a  displacement-based  finite  element  code 
PlasFEM,  which  is  been  developed  by  the  Geotechnical  Engineering  group  at  the 
University  of  Florida  over  last  few  years.  Numerical  analysis  is  performed  to  study  the 
consolidation  behavior  of  a  field  case  of  low  solid-content  phosphatic  waste  clay. 


1.3  Scope  of  Work 
The  dissertation  is  organized  in  eleven  chapters.  Chapter  2  presents  literature 
review  and  historical  development  of  the  theory  of  mixtures  for  porous  media  based  on 
balance  laws,  micromechanical  approach  for  large  strain  based  on  the  theory  of 
multiplicative  decomposition.  In  Chapter  3,  general  kinematics  and  balance  laws  for  a 
non-interacting  mixture  of  non-polar  constituents  are  derived  in  the  light  of  modern 
theory  of  mixtures.  Balance  equations,  specific  for  a  fully  saturated  soil  media  (two- 
phase),  are  further  reduced  from  generalized  equations.  In  Chapter  4,  field  equations  or 
strong  form  of  the  boundary-value  problem  of  consolidation  phenomenon  are  established 
from  balance  equations,  corresponding  weak  forms  are  derived  for  use  in  subsequent 
finite  element  formulation.  Constitutive  theories  for  solid  and  fluid  phases,  appropriate 
for  large  strain,  are  outlined.  Constitutive  models  for  phosphatic  waste  clay  (low  solid- 
content  clay)  are  discussed  in  Chapters  5  and  6.  Hyperelastic-plastic  MCC  (modified 
Cam-Clay)  model,  suitable  for  primary  consolidation  response,  is  presented  in  Chapter  5. 
Chapter  6  presents  the  development  of  a  hyperelastic-viscoplastic  MCC  model,  used  for 
simulation  of  time-dependent  secondary  compression.  Explicit  expressions  for  the 
consistent  tangent  moduli  of  the  constitutive  models  are  derived  in  the  framework  of 
large  deformation  theory,  based  on  multiplicative  decomposition  as  mentioned  before.  In 
Chapter  7,  corresponding  variational  equations  for  boundary  value  problems  are 
developed  and  linearized  for  implementation  into  a  finite  element  code.  Chapter  8 
presents  the  implementation  issue  of  the  governing  equations,  i.e.,  matrix  formulation  for 
finite  element  code.  Chapter  9  presents  numerical  examples  one  and  two-dimensional 
hyperelastic  consolidation.  These  examples  demonstrate  significance  of  large  strain  on 


consolidation  responses  compared  to  the  same  for  small  strain  formulation.  Chapter  10 
presents  a  study  of  consolidation  phenomena  of  phosphatic  waste  clay,  deposited  at  the 
construction  site  of  Polk  County  Expressway  (a  multi-lane  expressway  around  Lakeland, 
Florida).  Numerical  simulations  are  run  for  cases  of  hyperelastic-plastic  (primary)  and 
hyperelastic-viscoplastic  (secondary,  i.e.,  creep  settlement)  consolidation.  Field 
settlement  and  pore  pressure  data  are  compared  with  numerical  predictions.  Chapter  1 1 
contains  a  summary  of  the  work  that  has  been  presented,  as  well  as  conclusions  and 
recommendations  for  future  investigations. 


CHAPTER  2 
LITERATURE  REVIEW 

2.1  Consolidation 

The  first  author  to  deal  with  the  important  problem  of  fluid-filled  deformable 
porous  solids  was  von  Terzaghi.  In  a  famous  paper  presented  to  the  Academy  of  Sciences 
in  Vienna  in  June  1923,  von  Terzaghi  showed  the  derivation  of  his  consolidation  theory. 
This  theory  was  later  published  in  his  book,  which  is  now  considered  as  the  first 
substantial  book  [30]  in  soil  mechanics. 

In  the  early  40 's  Biot  [1]  generalized  von  Terzaghi' s  theory  of  consolidation  by 
extending  it  to  the  three-dimensional  case  and  by  establishing  equations  valid  for  any 
arbitrary  load  varied  with  time.  In  the  following  years,  Biot  generalized  his  theory  to 
include  properties  of  anisotropy,  variable  permeability,  linear  viscoelasticity,  and  the 
propagation  of  elastic  waves  in  a  fluid  saturated  porous  solid  [2,3 1].  The  main 
disadvantage  of  Biot' s  model,  however,  lies  in  the  fact  that  the  corresponding  theory  is  not 
developed  from  the  fundamental  axioms  and  principles  of  mechanics  and  thermodynamics. 
Thus,  some  derivations  are  complicated  and  obscure.  Finally,  Biot  [32]  developed,  within 
the  framework  of  quasi-static  and  isothermal  deformations,  a  theory  of  large  deformations 
of  porous  media. 

Since  the  beginning  of  the  1960's  the  study  of  porous  media  advanced  with 
development  of  new  continuum  theory  of  mixtures.  In  1960,  Truesdell  and  Toupin  [26] 
presented  a  treatise  on  the  classical  field  theories  where  they  developed  in  detail  the 
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properties  of  motion  and  fundamental  physical  principle  of  balance.  In  1965,  Green  and 
Naghdi  [25]  developed  a  dynamic  theory  for  the  relative  flow  of  the  two  continua  based 
on  an  energy  equation  and  an  entropy  production  inequality  for  the  entire  continuum. 
With  the  advances  in  modern  computational  science  and  the  development  of 
rigorous  numerical  techniques,  such  as  the  finite  element  method,  numerical 
implementations  of  the  consolidation  theory,  Biot's  equations  and  the  mixture  theories 
found  wide  applications.  A  variational  formulation  of  the  dynamics  of  fluid-saturated 
porous  solids  was  the  basis  of  a  numerical  method  that  Ghaboussi  and  Dikmen  [33] 
developed  for  the  purpose  of  discretizing  the  spatial  media  into  finite  elements.  Sandhu 
and  Wilson  [34]  first  applied  the  finite  element  method  to  study  fluid  flow  in  saturated 
porous  media.  With  the  presence  of  finite  element  method  as  a  sound  numerical  technique, 
it  was  possible  to  extend  the  mixture  theory  to  encompass  elasto-plastic  non-linear 
constitutive  models  and  obtain  reliable  solutions  of  the  field  displacements  and  pressures. 
A  general  analytical  procedure  that  accounts  for  non-linear  effects  was  presented  by 
Prevost  [8].  In  his  work,  Prevost  focused  on  the  integration  of  the  discretized  field 
equations  based  on  the  mixture  theories  of  Green  and  Naghdi  [25].  Later  he  worked  on 
several  numerical  applications  to  study  the  consolidation  of  inelastic  porous  media  [35] 
and  the  non-linear  transient  phenomenon  [36].  Due  to  the  increasing  necessity  of  nonlinear 
applications,  Zienkiewicz  and  other  researchers  published  a  series  of  papers  that  elucidated 
various  numerical  solutions  for  pore-fluid  interaction  analysis.  Zienkiewicz  et  al.  [37] 
classified  different  method  of  analysis  in  a  comprehensive  paper  on  numerical  solutions  of 
the  Biot  formulation.  A  continuum  theory  of  saturated  porous  media  that  is  applicable  for 


soils  exhibiting  large  strains  was  formulated  later  by  Kiousis  and  Voyadjis  [38].  Borja  and 
Alarcon  [39]  recently  proposed  a  framework  for  large  strain  consolidation  based  on 
continuum  theory  of  mixtures. 

The  mathematical  basis  for  balance  principles  presented  in  this  study  is  derived 
from  the  general  theory  of  mixtures  [21-26].  This  research  is  focussed  on  fully  saturated 
porous  media  (two-phase  continua).  Field  equations  governing  the  interaction  between 
soil  skeleton  and  pore  fluid  are  developed  from  balance  laws. 

2.2  Large  Strain  Multiplicative  Plasticity 
Up  to  the  beginning  of  the  1980s  computational  methods  for  large  strain 
elastoplasticity  typically  relied  on  hypoelastic  extensions  of  the  classical  small  strain 
models;  see,  e.g.,  the  reviews  of  Needleman  and  Tvergvaard  [40],  hence  remained 
restricted  to  small  elastic  strains.  Computational  approaches  based  on  the  multiplicative 
decomposition  appear  to  have  been  first  proposed  by  Argyris  and  Doltsinis  [41]  within  the 
context  of  so-called  natural  formulation.  Subsequently,  however,  these  authors  appear  to 
favor  hypoelastic  rate  models  on  the  basis  that  multiplicative  formulations  ' . . . .  Lead  in 
principle  to  non-symmetric  relations  between  stress  rates  and  strain  rates'  (see  [21,  p. 
22]).  Simo  and  Ortiz  [43]  and  Simo  [44]  proposed  a  computational  approach  entirely 
based  on  multiplicative  decomposition  and  pointed  out  the  role  of  intermediate 
configuration  in  a  definition  of  the  trial  state  via  mere  function  evaluation  of  hyper-elastic 
stress-strain  relations.  Extensions  of  classical  volume/displacement  mixed  methods  within 
the  framework  of  the  multiplicative  decomposition,  originally  introduced  for  plasticity 
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problems  in  [45]  are  presented  in  [46].  In  recent  years,  computational  approaches  based 
on  multiplicative  decomposition  have  received  considerable  attention  in  the  literature. 
Simo  [47]  exploited  a  strain-space  version  of  the  principle  of  maximum  dissipation  to 
obtain  the  associative  flow  rule  consistent  with  multiplicative  decomposition,  and  used  a 
(co  variant)  backward  method  to  derive  a  large  strain  version  of  the  return  mapping 
algorithms.  Subsequently,  Weber  and  Anand  [48]  and  Eterovich  and  Bathe  [49]  used  the 
multiplicative  decomposition  in  conjunction  with  the  logarithmic  stored  energy  function 
and  an  exponential  approximation  to  the  flow  rule  cast  in  terms  of  full  plastic  deformation 
gradient.  The  multiplicative  decomposition  along  with  a  logarithmic  stored  energy 
function  is  used  in  [50].  More  recently,  Moran  et  al.  [51]  addressed  a  number  of 
computational  aspects  of  multiplicative  plasticity  and  presented  explicit/implicit  integration 
algorithms.  Methods  of  convex  analysis,  again  in  the  context  of  the  multiplicative 
decomposition,  are  discussed  in  [52] 

The  preceding  survey,  although  by  no  means  comprehensive,  conveys  the 
popularity  gained  in  recent  years  by  computational  elasto-plasticity  based  on  the 
multiplicative  decomposition.  Despite  their  success,  these  approaches  involve 
modifications,  and  often  a  complete  reformulation,  of  the  standard  closest-point 
algorithms  of  the  small  strain  theory.  From  a  practical  stand-point  the  implication  is  that 
the  implementation  of  classical  models  needs  to  be  considered  on  a  case-by-case  basis  in 
the  large  strain  regime. 

In  a  later  study,  Simo  [20]  proposed  a  state-of-the-art  algorithm  based  on 
multiplicative  decomposition  of  the  deformation  gradient,  as  suggested  by  Lee  [53], 
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Mandel  [15]  and  others.  The  appeal  of  his  formulation  is  that:  the  closest-point  projection 
algorithm  of  any  classical  simple-surface  or  multi-surface  model  of  small  strain  plasticity 
carries  over  to  the  large  deformation  context  without  modification.  In  particular,  the 
algorithmic  tangent  moduli  of  small  strain  theory  remain  unchanged  while  introducing  a 
further  simplification:  the  closest-point  projection  algorithm  is  now  formulated  in  principal 
(Kirchhoff)  stresses.  For  the  static  problem,  the  proposed  algorithm  preserves  exactly 
plastic  volume  changes  if  the  yield  criterion  is  pressure  insensitive.  For  dynamic  problems, 
Simo  [20]  presented  a  class  of  time-stepping  algorithms  which  inherits  exactly  the 
conservation  laws  of  total  linear  and  angular  momentum.  Simo's  method  is  adopted  with 
success  in  some  recent  works  [39,54,55]  for  formulating  nonlinear  plasticity  model  in 
large  deformation  context. 

Present  study  has  followed  the  above-mentioned  theory  [20]  of  multiplicative 
decomposition  to  derive  explicit  expressions  of  consistent  tangent  moduli  for  the  proposed 
elasto-plastic  and  viscoplastic  constitutive  models  (see  Chapters  5  and  6). 


CHAPTER  3 
THEORY  OF  MIXTURES 


3.1  Basic  Theory 
The  conceptual  model  of  a  multiphase  continua  is  based  on  the  phenomenological 
behavior  of  each  phase  rather  than  particulate  nature  and  the  microscopic  origin  of  the 
phenomenon  involved.  In  other  words,  each  phase  (or  constituent)  enters  through  its 
average  properties  obtained  as  if  the  particles  were  smeared  out  in  space.  In  order  to  be 
able  to  derive  multiphase  field  and  constitutive  equations  for  such  a  medium,  a  technique 
for  obtaining  local  average  quantities  is  therefore  necessary.  Furthermore  the  basic 
kinematics  and  balanced  equations  for  each  phase  and  for  the  mixture  as  a  whole  must  be 
defined.  In  following  sections  (3.2  to  3.4)  general  kinematics  and  balance  laws  are  derived 
for  a  multiphase  (n-phase)  continuum  allowing  for  the  selection  of  the  constitutive 
relations  to  be  defined  according  to  the  particular  phases  that  composes  the  mixture.  For 
simplicity,  it  is  assumed  that  phases  are  non-interacting  and  non-polar. 

3.2  Kinematics 
A  mixture  can  be  viewed  as  a  superposition  of  n  single  materials  each  of  which 
may  be  regarded  as  a  continuum.  It  is  assumed  that  at  any  time  t  each  place  x  of  a  mixture 
is  occupied  simultaneously  by  n  different  particles:  X1,  X2,  . . . . ,  X".  As  in  single-phase 
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theory,  a  fixed  but  otherwise  arbitrary  reference  configuration  and  a  motion  are  assigned 
to  each  phase  [26]  as 


.CC/vCt 


x  =  ^(Xu)        V  ct  =  l  ...n, 


(3.1) 


Figure  3.1  Geometric  representation  of  kinematics  for  a  two-phase  mixture 


where  Xa  denotes  the  position  of  a  phase  in  its  reference  configuration,  and  x  is  the  spatial 
position  occupied  at  the  time  t  by  the  particle  labeled  Xa.  The  function  ^  in  (3.1)  is 


called  the  deformation  function  for  a  phase  at  time  t.  In  classical  continuum  theory  $?  is 
assumed  invertible,  and  thus 
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Xa=(<j)f)  \x)         V  a  =  l...n.  (3.2) 

The  invertibility  of  the  deformation  function  ensures  that  a  particle  at  Xa  cannot  occupy 
two  spatial  positions  at  a  given  time  and  that  two  particles  of  a  phase  with  positions 
Xfand  X"  cannot  occupy  the  same  spatial  position.  Figure  3.1  shows  geometrical 
representation  of  (3.1)  in  Cartesian  coordinate  system  <=  R3. 

The  velocity  and  acceleration  of  Xa  at  time  t  are  obtained  from  Equation  (3. 1)  by 
time  differentiation,  viz. 

(3.3) 


aa=aa(X,t)  =  5^(va)=xa, 


Dt 

where  a  superimposed  dot  indicates  differentiation  with  respect  to  time  holding  Xa  fixed 
(i.e.,  the  material  derivative  following  the  motion  of  a  phase).  Material  time  derivative 
may  be  computed  from  spatial  description  using  the  following  definition 

^-(•)4w+v<x-8radw-  (34a) 

Dt  dt 

Material  time  derivative  of  a  volume  integral  can  be  expressed  as 

w/Q(*)adQ  =  |lo«adn  +  Ir«a(va  n)dI"  (3  4b) 

See  [56]  for  proof  of  the  identities  (3.4a),  (3.4b).  Here,  and  in  the  following,  grad  and 
GRAD  are  used  to  denote  spatial  and  material  derivatives,  respectively.  The  deformation 
gradient  for  Xa  at  time  t  is  defined  by 
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Fa  =  Fa(x,t)  =  GRADx  = 


d*a 


-kl 


(3.5) 


and  the  velocity  gradient  is  defined  by 

1<*  =  la(x,t)  =  gradva  =Fa(Fay"1.  (3.6) 

3.3  Average  Quantities 

An  important  assumption  in  the  theory  of  mixtures  is  that  the  phases  of  a  mixture 
are  allowed  to  occupy  common  portions  of  a  physical  space.  Then  each  spatial  position  x 
in  a  mixture  is  occupied  by  n  elements,  one  from  each  phase  (see  Figure  3. 1  for  n  =  2).  To 
address  this  assumption  one  needs  to  define  average  quantities. 

Average  quantities  are  obtained  by  integrating  microscopic  quantities  over  an 
averaging  volume  or  area.  In  the  macroscopic  field,  the  averaging  volume  represents  a 
physical  point,  denoted  by  dV.  Similarly,  the  averaging  area  dA,  represents  and 
characterizes  a  physical  point  on  the  surface  of  dV,  and  is  an  infinitesimal  element  of  area 
in  the  macroscopic  field.  The  part  of  dV  occupied  by  the  a  phase  is  denoted  by  dV°,  and 
the  volume  fraction  na  of  the  a  phase  is  the  fraction  of  dV  occupied  by  the  a  phase 
defined  by 

n«=n%,t)  =  ^,  (3.7) 


where  na  is  constrained  by  E  na  =1  and  0  <  na  <  1.  Similarly,  the  part  of  dA  lying  in  the 

a 

a  phase  is  denoted  by  dAa,  and  the  areal  fraction  is  defined  by 


16 

n«=na(M)=^.  (3.8) 

dA 

Again,  £  na  =  1  and  0  <  na  <  1 .  It  is  assumed  in  the  following  that  the  identity 
a 

na  =  na  holds  [57]. 

A  macroscopic  average  mass  density  function,  pa  is  associated  with  each  phase  and 
is  defined  as  the  volume  average  of  the  microscopic  density  function,  pa  . 

pa=dvL°Pad0'  (39) 

where  du  is  the  microscopic  volume  element.  The  intrinsic  volume  average  mass  density  is 
defined  as 

pa=^LaPadu="4rpa  (310) 

dva  Jdv  na 

If  the  mass  density  of  the  a  phase  is  microscopically  constant  the  intrinsic  volume  average 

mass  density  equals  to  the  microscopic  mass  density,  i.e.,  pa  =  pa  and  thus  pa  =  napa. 

The  mass  density  p  of  the  mixture  is  defined  as 

p  =  p(X,t)  =  2>a>  (3.11) 

a 

and  the  volume-average  velocity  v  for  the  mixture  is  defined  as 

v  =  v(x,t)  =  J-5>ava  (3.12) 

pa 
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Following  the  similar  averaging  approach,  a  macroscopic  partial  stress  vector  ta  may  be 
defined  as 


ta=^L-««da-  <313> 


dAJdA1 
where  da  is  microscopic  area  element.  ta  denotes  the  intrinsic  stress  vector  of  a  phase, 


t  =  n  ta. 


3.4  Balance  Laws 

Once  kinematics  and  local  average  quantities  of  a  mixture  are  derived,  one  may 
postulate  the  laws  of  balance  based  on  the  theory  of  mixture  [26]  which  must  be  satisfied 
irrespective  of  constitutive  relations.  Phases  are  understood  to  be  material  elements,  which 
are  open  systems  on  a  local  state.  Accordingly,  local  balance  relations  are  derived  for  each 
individual  phase.  The  equations  are  obtained  in  spatial  configuration  by  applying  the 
fundamental  laws  of  mechanics:  balance  of  mass,  balance  of  linear  momentum,  balance  of 
angular  momentum,  and  the  first  and  second  laws  of  thermodynamics. 

For  consistency  in  notations,  in  the  derivation  of  balance  laws  and  in  the  following 
thereafter,  spatial  (deformed)  configuration  is  represented  by  domain  Q,  bounded  by 
surface  T  while  material  (undeformed)  configuration  is  represented  by  domain  B,  bounded 
by  surface  dB. 
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3.4.1  Balance  of  Mass 

The  balance  of  mass  can  be  expressed  as  "The  time  rate  of  mass  in  a  fixed  region  in 
space  Q  is  equal  to  the  time  rate  of  mass  flowing  through  the  surface  T  that  encloses  Q." 
In  equation  form 


f   ^dQ  =  -f  pvndT, 


where  n  is  the  unit  outward  normal  to  the  surface  T,  v  is  the  flow  velocity. 


(3.14) 


For  illustration,  mass  flow  through  a  control  cube  (8xx8yx8z)  in  Cartesian 
coordinate  space  e  R3  is  considered  in  Figure  3.2.  Surface  areas  normal  to  the  flow 
components  along  coordinate  axes  are  Tx  =  5y5z,  Yy  =  5x8z,  Tz  =  8x8y. 


a        ..a 


PaVy+Ayn    5ty 


a       _a 


PaVx-Axn    dQ 


P«V?+Azn   ^ 


a       _a 


PaVy-Ayn    %\ 


PaV^_Azn-aq, 


a        _a 


PaVx+Axn    <%k 


Figure  3.2  Balance  of  mass:  flow  through  a  control  volume 


6x5z 

(3.15) 


t 
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For  the  cube  (3.15)  can  be  written  as, 

At(kv?+Axna  -Pav"_Ax"aW5z4aV?+Ayna  -pav«_Ayn« 
+kv?+Azna  -PaV?_Azna]}6x6y  =  padV«|t+At  -padVa 

Dividing  by  the  volume  dV  =  5xSy8z  and  At,  then  upon  rearrangement  (3.16)  can  be 
written  as 

div[naPava]  +  |[napa]  =  0.  (3.16) 

(3.16)  is  the  localized  form  of  balance  of  mass  for  a  phase. 

3.4.2  Balance  of  Linear  Momentum 

In  order  to  establish  the  balance  of  momentum  laws  for  each  a  phase,  one  needs  to 
consider  the  forces  acting  on  the  a  phase  within  the  region  Q  such  as  drag  forces,  body 
forces  or  gravity  forces,  as  well  as,  the  effect  on  the  a  phase  of  the  mixture  outside  the 
region  Q.  This  effect  is  accounted  for  by  introducing  partial  stress  vector  ta,  defined  in 
(3.13).  Now,  let  aa  be  the  Cauchy  partial  stress  tensors  [21-26]  and  n  denotes  the  unit 

normal  vector  to  the  surface  Y.  aa  is  related  to  ta  by  the  relation  ta  =  aa  •  n. 

The  first  Euler  equation  postulates  that  "The  rate  of  change  of  the  total  momentum 
of  a  given  mass  is  equal  to  the  vector  sum  of  all  the  external  forces  acting  on  the  mass."  In 
equation  form 

^JQpavadQ  =  JQpada  +  Jraandr  +  JnpagdQ.  (3.17) 
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g  is  the  vector  of  gravity  acceleration,  pa  is  the  momentum  supply  for  the  a  phase  from 
the  rest  of  the  mixture  due  to  other  interaction  effects,  e.g.,  relative  motion  of  the  phases. 

pa  is  subject  to  ]Tpa  =  0. 
a 

From  divergence  theorem 

J  aa-ndr  =  [  divaadn.  (3.18) 

Substitution  of  (3.18)  in  (3.17)  results  in 

^-JQpavadn=JQPa^-(va)dn= jjdivaa  +pa  +Pag]dn.  p.w) 

which  simplifies  to  the  local  version  of  the  balance  of  linear  momentum  equations  for 
individual  phase  as 

paaa  =divaa+pa+pag.  (3.20) 

3.4.3  Balance  of  Angular  Momentum 

The  principle  of  balance  of  moment  of  momentum  states  that  the  material  rate  of 
change  of  moment  of  momentum  of  a  body  about  a  fixed  point  xo,  is  equal  to  the  resultant 
moment  acting  on  the  body  around  that  point. 

The  moment  of  momentum  for  a  phase  is  defined  as 

La=|nparxvadn.  (3.21) 

r  =  vector  of  moment  arm  =  x  -  xo.  Making  use  of  (3.17)  material  derivative  of  (3.21)  can 
be  written  in  the  form 
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Da.„      Da 


Lct,^[parxvotda 


Dt  Dt  Jn  (3.22) 

=  Jnrxfpag  +  Pa]dn  +  lrrxfCTa-n]dr 


From  divergence  theorem 

jrrxfaa-n>)dr  =  jrn-frxoa>)dr=}ndivfrxaaldQ.  (3.23) 

Substitution  of  (3.23)  in  (3.22)  yields 


L"-  =  - Lrxv^dQ 

Dt  Dt     jQ 


(3.24) 


=  jn|rxfpag  +  pal  +  divfrxaal|da. 

Local  form  of  (3.24)  results 

pa— frxv^rxf^g  +  p^  +  divfVxaaY  (3.25) 

For  cases  of  non-polar  phases  partial  stress  tenor,  aa  are  symmetric  since  there  is  no 
supply  of  moment  of  momentum  (i.e.,  antisymmetric  part  of  aais  zero). 

3.4.4  Balance  of  Energy 

Principle  of  balance  of  energy  or  the  first  law  of  thermodynamics  states  that  the 
material  rate  of  change  of  internal  energy  in  a  body  is  equal  to  the  resultant  deformation 
power  acting  in  the  body  plus  the  rate  of  heat  added  to  the  body. 

The  internal  energy  in  the  body  for  a  phase  may  be  defined  as 

(ya=JQpaeadn,  (3.26) 
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where  ea  represents  internal  energy  density  for  a  phase.  Assuming  no  supply  of  energy 
due  to  interaction,  e.g.,  chemical  interaction  within  the  phases  material  rate  of  change  of 
If1  can  be  decomposed  into  following  components 

rp*+Ka+Qa\  (3.27) 


Dt  Dt 

where  Pa  =  Mechanical  energy  due  to  deformation  of  a  phase 

fC  =  Kinetic  energy  of  a  phase 

Qa  =  Thermal  energy  of  a  phase  due  to  heat  generation  within  the  domain  CI  and 
heat  flow  across  the  boundary  dr. 

Material  rates  of  energies  for  a  phase  can  be  expressed  as  follows: 

=  jQpagvadQ  +  jQpa.vadn  +  jraa:va®ndr,  (3.28a) 


Dt 
DaKa      Da 


Dt  Dt  JQ  2 


f  ipavavadQ 


=  f  kipaV<X  • V"  d"  +  frlV^  ■  v<X](va  '  ")dr> 


(3.28b) 


^l  =  |np«H<xdn-Jrqa.ndr.  (3.28c) 

H"  is  the  heat  generation  per  unit  mass  for  the  a  phase,  and  qa  represents  the  heat  flux 
vector  associated  with  each  phase.  Substituting  (3.28)  in  (3.27),  one  obtains  for  a  phase 
the  following  expression 
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^JnIpaeadn  =  JQpag.vada  +  JQpavadn  +  Jraa:va®ndr 

+  ljnIpOtva  .  va  dQ  + j  fipava  •  vaYva  -n]dr         (3.29) 
+  jnpa/VadQ-Jrqa-ndr. 

3.4.5  Entropy  Inequality 

Entropy  inequality  or  the  second  law  of  thermodynamics  puts  limit  on  the  direction  of 
such  processes  where  thermal  phenomenon  are  involved,  permitting  energy  transfer  to  occur 
spontaneously  only  in  certain  preferred  directions.  The  limitation  may  be  expressed 
mathematically  as  an  inequality  stating  that  the  intrinsic  entropy  production  of  the  entire 
mixture  is  always  nonnegative  and  is  positive  for  an  irreversible  process.  In  other  words  the 
material  rate  of  change  of  the  entropy  increase  is  always  higher  or  to  that  of  the  entropy  due 
to  heat  transfer. 

The  entropy  density  for  the  entire  mixture,  r|  can  be  defined  as 

a 
r\a  is  the  entropy  density  for  a  phase.  Entropy  increase  for  the  entire  mixture  results 

{nPTldQ  =  {QXp(Vda  (3.31) 

a 

Assigning  to  each  phase  a  temperature  9a,  given  by  a  positive-valued  function,  the  second 

law  of  thermodynamics  may  be  expressed  as 

a  a      y  a      y 
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//\  qa  are  defined  in  (3.28c).  Using  (3.4b),  divergence  theorem  and  balance  of  mass 
(3.16),  material  time  derivative  of  J  par|a  dQ  can  be  derived  as 


ka 


"■UW-L  IfpVVd 


Dt  J« 


-lk 


'"a 


-pa+div(pava 
a 


IV 


paT!ava 


dQ 


ra 


+  pa  — ria+gradria-va    IdQ  (3.33) 


=  Jnp       -da 


dt 


Substitution  of  (3.33)  in  (3.32)  results 

f 

'a 


n 


a 


p    — ! p   H    +  div 

dt       eaK 


L0 


1     a 

q 


-i\ 


a 


dn>o 


-v 


(3.34) 


Localization  of  (3.34)  yields 


*drfL_    1     a„a+div 
dt      0a 


.0 


1      a 

q 


a 


>0. 


(3.35) 


Introducing  the  Helmholtz  free  energy  function  for  a  phase,  vj/    defined  by 


vl/a=ea-ectT1a, 


(3.36) 


one  can  write 


cc*na 


f5ea     dya       adQa 


dt       0a 


a      a 


a 


(3.37) 


Substituting  (3.37)  in  (3.35),  localized  form  of  entropy  inequality  can  be  written  as 


( 


.a 


dea     dya       a  50a 


dt         dt 


dt 


-pa//a+9adiv 


0 


1     a 

— q 

a 


>0. 


(3.38) 
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3.5  Balance  Laws  for  Saturated  Soil 
Balance  laws  of  saturated  soil  medium  are  special  case  of  generalized  balance  laws 
of  n-phase  continuum  considering  n  =  2  (solid  and  fluid  phases).  Following  the  derivations 
in  Section  3.4,  necessary  balance  laws  for  soil-water  mixture  are  deduced  in  this  section. 
Motions  of  solid  and  fluid  phases  are  considered  separately. 

3.5.1  Balance  of  Mass 

Following  (3.16),  localized  form  of  balance  of  mass  for  solid  and  fluid  phases  can 
be  written,  respectively,  as 

,S„   ..S^  ,    d  (    a 


div^Psv>J  +  -^psJ  =  0,  (3.39a) 

div(nwpwvw)  +  |(nwpw)  =  0.  (3.39b) 

Adding  (3.39a)  and  (3.39b)  gives  the  conservation  of  mass  for  the  soil-water  mixture  as 


dp 
dt 

where  v  is  the  volume-average  velocity,  defined  in  (3.12). 


^  +  div(pv)=0,  (3.40) 

dt 


3.5.2  Balance  of  Linear  Momentum 

In  the  absence  of  inertia  forces  balance  laws  of  linear  momentum  for  solid  and  fluid 
phases  can  be  written  from  (3.17)  as  follows: 

J  psgdQ  +  J  psdQ  +  J  as-ndr  =  0,  (3.41a) 

J  pwgdQ  +  J  pwdQ  +  J  aw-ndr  =  0.  (3.41b) 
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Since  ps  and  pw  are  the  internal  forces  which  naturally  will  not  affect  the  soil- 
water  mixture  as  a  whole,  ps  +  pw  =0,  i.e.,  the  seepage  force  exerted  by  the  fluid  on  the 
solid  matrix  is  the  negative  of  the  reactive  force  exerted  by  the  solid  matrix  on  the  fluid. 
Consequently,  the  sum  of  (3.41a)  and  (3.41b)  results  in 

J  pgdQ  +  J  andr  =  0.  (3.42) 

a  is  the  Cauchy  total  stress  tensor,  cr  =  as  +  aw . 

Now,  let  Pw  and  Ps  be  the  (non- symmetric)  first  Piola-Kirchhoff  partial  stress 
tensors  arising  from  the  fluid  and  intergranular  stresses,  respectively.  Also,  let  N  denote 
the  unit  normal  vector  to  the  surface  dB  of  the  undeformed  region  B.  The  tensor  Pw  is 
defined  such  that  Pw  •  N  represents  the  resultant  force  exerted  by  the  fluid  per  unit  area  of 
the  solid  matrix  in  the  undeformed  configuration.  Similarly,  the  product  P5  •  N  is  the 
resultant  net  force  exerted  by  the  individual  grains  (which  may  include  the  partial  effects  of 
fluid  pressures)  over  the  same  undeformed  reference  area.  By  the  additive  decomposition 
of  the  Cauchy  total  stress  tensors,  we  obtain  a  similar  expression  for  the  first  Piola- 
Kirchhoff  total  stress  tensor  P 

p  =  Jg.F_t  =PS  +PW,  (3.43) 

where  Ps  =  Jas  •  F_t  and  Ps  =  Jas  •  F_t  are  the  first  Piola-Kirchhoff  partial  stress 
tensors  arising  from  the  solid  and  fluid  stresses,  respectively,  and 

J  =  det(F);      ¥  =  $L;      x  =  X  +  u.  (3.44) 
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In  (3.44),  J  is  the  Jacobian,  F  is  deformation  gradient,  X  are  the  coordinates  of  a 
point  X  in  undeformed  configuration,  u  is  the  macroscopic  displacement  field  of  the  solid 
phase,  x  are  the  spatial  coordinates  of  point  X. 

P  can  also  be  decomposed  as 

Pw 

P  =  P  +  — ,  (3-45) 

n 

where  P  is  the  first  Piola-KirchhofF  effective  stress  tensor,  and  (Pw  /n^-N  represents  the 

resultant  force  exerted  by  the  fluid  per  unit  area  of  void  in  the  undeformed  configuration. 

P  and  Ps  are  related  by  the  equation 


Ps  =  P  + 


-1 

^nw      j 


Pw.  (3.46) 


An  integral  equation  similar  to  (3.42)  can  be  developed  in  terms  of  the  tensor  P . 
With  reference  to  the  undeformed  configuration,  (3.42)  can  be  written  in  the  form 

lflPogdV  +  J5fiP.NdA  =  0,  (3.47) 

Po  =  Jp  is  a  pull-back  mass  density  of  the  soil-water  mixture  and  g  is  the  vector  of  gravity 
accelerations. 

It  is  very  important  to  note  that  p0  is  not  a  constant  quantity.  Figure  3.3  would 
explain  the  scenario.  In  Figure  3.3,  the  fluid  now  occupying  the  void  in  a  soil  at  a  point 
(j)t(X)  may  not  necessarily  be  the  same  fluid  material  that  occupied  the  same  void  at  a 
reference  point  X  in  the  undeformed  region  B.  Mathematically,  (|)t(X)  =  <j)t(Y),  where  4>t(Y) 
is  the  spatial  configuration  of  the  fluid  phase  whose  reference  configuration  is  at  Y. 
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JdV,  dV8 


Figure  3.3  Balance  of  mass:  total  mass  of  material  point  X  is  not  conserved  in  <J)t(X) 

Notice  that  Y  does  not  necessarily  have  to  be  in  B.  Likewise,  fluid  phase  of  material  point 
X,  Xw  might  not  necessarily  be  present  in  the  spatial  configuration  (J)t(X).  Hence,  p0  does 
not  necessarily  represents  the  true  mass-density  in  B  of  the  soil  mass  which  now  occupies 
the  volume  <|>t(B),  since  fluid  can  migrate  into  or  out  of  the  soil  matrix  during  the  motion. 
In  other  words,  the  total  mass  of  the  soil-water  mixture  in  B  is  not  necessarily  conserved 
in  <J)t(S). 

A  simple  relationship  analysis  in  the  following  would  demonstrate  the  effects  of 

diffusion  on  mass  densities.  Let  n^(X,t  =  0)  be  the  initial  porosity  of  the  point  X  in  B. 
Then,  the  initial  volume  of  the  voids  in  an  elementary  volume  dV  is  n^dV,  while  the 
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initial  volume  of  the  solid  region  is  (l  -  n^  JdV.  As  the  soil  matrix  deforms,  its  volume 
changes  to  dv  =  J  dV.  Now,  assume  the  solid  phase  is  incompressible.  Since  u  is  the 
displacement  field  of  the  solid  phase,  its  volume  is  conserved  at  ^1  -  n^  J  dV  in  dv,  while 

the  volume  of  the  voids  changes  to  dv  -  (l  -  n  q  JdV.  Consequently  the  porosity  varies 
according  to 

_      JdV-(l-n™)dV  /  \      , 

nw= V OJ =  i-li-ny)j   *.  (3.48) 

JdV  V        0  /  v       ' 

Hence,  the  total  mass  density  and  the  porosity  of  soil  vary  with  deformation  through  the 
Jacobian  J. 

3.5.3  Balance  of  Energy 

Ignoring  kinetic  energy  and  non-mechanical  power,  and  assuming  balance  of 
momentum  and  balance  of  mass  hold,  (3.29)  can  be  simplified  for  balance  of  energy  of 
a  phase  as 

Da 

— JnpaeadQ  =  jQpag.vada  +  JQpavada  +  jraa:va®ndr.  (3.49) 

The  localized  version  of  balance  of  energy  can  be  derived  in  the  following  fashion. 
Consider  the  left-hand  side  of  (3.49),  for  example.  Following  the  derivation  of  (3.33),  one 
can  reduce 

^|npaeadn  =  J0paeadn,  (3.50) 
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since  grad  ea  =  0.  Using  divergence  theorem  and  localized  version  of  balance  of  linear 
momentum  (3.20),  one  can  reduce  right-hand  side  of  (3.49)  as 

jQ[pag  +  pa]-vadQ  +  |raa:va®ndr 

=  -JQdivaa.vadQ  +  Jn  divaa  •  va +aa  :gradva  dQ  (3.51) 

=  |Qaa:ladQ=jQaa:dadQ. 

Ia  is  defined  in  (3.6),  da  =  Sym(la).  Since  aa  is  symmetric,  aa  :  la  =  oa  :  da.  Substituting 
(3.50)  and  (3.51)  in  (3.49),  localized  version  of  balance  of  energy  for  a  phase  can  be 
written  as 

paea=aa:da,  (3.52) 

Corresponding  localization  for  the  saturated  soil  media  takes  the  form 

pi  =  as:ds+ow:dw,  (3.53) 

where  e  is  the  rate  of  internal  energy  for  the  soil-water  mixture  obtained  from  the  volume 

average 

~s-s  ,  „w-w 
e-=pe   +P    6     .  (3.54) 

P 

It  is  often  convenient  to  describe  the  balance  of  energy  in  the  material  picture 

because  the  domain  of  integration  of  the  functions  remains  fixed.  To  this  end,  one  makes 

use  of  the  following  transformation.  Let  the  right  leg  of  the  tensor  P  be  pushed  forward  by 
the  configuration  §t.  The  result  is  the  Kirchhoff  total  stress  tensor  x ,  which  differs  from 
the  Cauchy  total  stress  tensor  a  by  the  factor  J,  i.e., 

x  =  Ja  =  PFt.  (3.55) 
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t  can  be  decomposed  into  solid  and  fluid  counterparts  in  any  of  the  following  ways 

X  =  TS+TW  =T  +  —  =  1  +  61.  (3.56) 

x  is  Kirchhoff  effective  stress,  6  is  Kirchhoff  pore  water  pressure  (compression  positive),  1 
is  the  second  order  identity  tensor.  Now,  pulling  back  the  left  leg  of  P  by  the  inverse 
motion  ($)'\  one  obtains  symmetric  S  ,  the  second  Piola-Kirchhoff  total  stress  tensor 
such  as 

§  =  F"1-P  =  F"1-T-F"t  sJF^-S-F"*.  (3.57) 

Following  (3.56)  and  (3.57),  additive  decomposition  of  S  can  be  written  as 

S  =  S  +  eC-1,  (3.58) 

where  S  is  the  second  Piola-Kirchhoff  effective  stress  tensor  and  C  is  the  right  Cauchy- 
Green  tensor  given  explicitly  by 

C  =  Fl  F  (3.59) 

F  is  defined  in  (3.44). 

Let  x  =  <|)(X,  t),  Ea(X,  t)  =  ea(x,  t).  If  one  multiplies  the  localized  balance  of  energy 
(3.52)  by  J,  and  uses  the  porosity  expression  (3.48),  one  obtains  the  following  expression 
for  the  balance  of  energy  for  the  solid  and  fluid  phases  in  localized  material  form 

psn^Es=TS:ds=4ss:C; 

(3.60) 


~     It     „s  Uw      „W.jW       lcW.rW 
Pw\J-no/E      =T       d      =TS       c 
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Balance  of  energy  for  the  soil-water  mixture  in  the  material  picture  is  now  given  by 

JpE  =  xs  :ds+xw  :dw  =-Ss  :C  +  isw  :CW,  (3.61) 


Where  E  is  obtained  from  the  volume  average 


lnjEs+ps(j-ng')E1 


*     psnQf+ps^j-nQ  ;EW 

E  = y i ^ =  e.  (3.62) 

Jp 

The  quantity  JpE  is  the  mechanical  power  generated  per  unit  reference  volume  of  the 
soil-water  mixture.  (3.61)  can  be  expressed  in  a  more  elegant  form  in  terms  of  effective 
Kirchhoff  stress  and  deformation  of  the  solid  phase  as 

JpE  =  x:ds,  (3.63) 

i.e.,  the  sum  of  the  mechanical  powers  of  the  partial  stresses  is  equal  to  the  mechanical 
power  of  the  effective  stresses  with  respect  to  the  deformation  of  the  solid  matrix 
computed  from  its  own  motion. 

Proof  of  (3.63)  is  given  in  section  A.2.  (3.63)  states  that  total  mechanical  power  in 

soil-water  mixture  is  absorbed  by  the  energy  rate  x  :  ds,  and  that  the  pore  pressure  tensor 

xw  /  nw  in  (3.56)  performs  no  work.  It  is  obvious  from  the  fact  that  fluid  is  assumed 
incompressible  and  has  no  shear  strength.  By  virtue  of  these  assumptions,  fluid  cannot 
store  volumetric  nor  deviatoric  energy,  i.e.,  it  has  no  mechanical  power. 

3.5.4  Entropy  Inequality 

Ignoring  non-mechanical  power  and  kinetic  energy  production,  the  localized  form 
of  entropy  inequality  or  the  second  law  of  thermodynamics  (3.38)  can  be  simplified  as 
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pafea-vj/°0>0.  (3.64) 

In  case  of  soil-water  mixture  (3.64)  takes  the  form 

e-vj7>0.  (3.65) 

e  is  defined  in  (3.54).  Similarly,  \j7  is  the  rate  of  free  energy  for  the  soil-water  mixture 
defined  as 

p 

Let  x  =  (j)(X,  t),  ^"(X,  t)  =  vj/a(x,  t).  Similar  to  (3.62),  volume  average  rate  of  free  energy 
*F  can  be  expressed  as 


_     Psn^+Ps  J-n-   ¥' 

*¥  = ^ J- =  v|7.  (3.67) 

Jp 

From  (3.62),  (3.65),  and  (3.67)  localized  version  of  entropy  inequality  for  soil-water 

mixture  in  undeformed  configuration  B  can  be  written  as 

JpE-Jp¥>0.  (3.68) 

Jp^F  is  the  power  generated  from  free  energy.  Jp*F  =  d  *F  /dt;  *F  denotes  the  stored 
energy  function,  or  free  energy,  per  unit  reference  volume  of  soil  matrix.  Substituting 
(3.63),  one  can  rewrite  (3.68)  as 

AXIJ 

x:ds-  — >0.  (3.69) 

dt  V       7 


CHAPTER  4 
VARIATIONAL  EQUATIONS,  CONSTITUTIVE  THEORIES 


4. 1  Boundary  Value  Problem 
In  order  to  formulate  a  well-defined  boundary  value  problem  for  consolidation 
phenomenon,  one  needs  to  consider  a  problem  domain  with  a  set  of  suitable  boundary 
conditions.  Let  B  <z  R     (nsd  =  no.  of  spatial  dimensions)  be  an  open  set  in  material 
configuration  (time  to)  with  piecewise  smooth  boundary  dB.  dB  is  assumed  to  admit  the 
following  decomposition 


3B6  u  dBx  =  dB, 
dBd  r>dBl  =  0, 
dBQ  udBh  =dB, 
dBQ  naBh  =  0. 


(4.1a) 
(4.1b) 


dBd,  dB1,  dBQ,  8Bh  are  open  sets  in  dB.  dBd  and  dB1  represent  the  portions  of  dB  with 
prescribed  displacement  and  tractions,  respectively  while  dB  and  dB  represent  portions 
with  prescribed  fluid  potential  and  volumetric  flow  rate,  respectively.  0  is  a  null  set. 

In  spatial  description  at  any  time  tE[tn,  tn+i],  reference  domain  B  will  be  mapped 
to  the  configuration  Q  =  <{h(6)  c  R™6  with  boundary  T  =  <Jh(5S).  Similar  to  (4. 1), 
decomposition  of  boundary  T  will  now  take  the  following  form 


H^r1  =r, 
rd  01^=0, 


(4.2a) 
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rreurh=r, 
reorh  =  0. 


(4.2b) 


Figure  4.1  Prescribed  boundary  conditions  of  spatial  domain  Q 

In  (4.2a)  and  (4.2b),  V1  =  <MdBd),  Tx  =  U^\  T6  =  U^Q),  Th  =  U^Bh).  Figure  4. 1 
shows  decomposition  of  domain  boundary  in  spatial  configuration.  Having  outlined  the 
domain  boundary,  one  would  require  strong  form  of  consolidation  phenomenon  with 
appropriate  boundary  conditions  to  define  a  well-posed  mathematical  problem. 


4.2  Strong  Form 
Strong  form  or  field  equations  of  consolidation  problem  emanate  from  balance 
laws.  Equation  of  equilibrium  is  derived  from  balance  of  linear  momentum.  Localization 
of  (3.47)  results  in  the  following  statement  of  stress  equilibrium  in  material  description 
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DIVP  +  Pog  =  0.  (4.3) 

DIV  is  the  material  divergence  operator.  (4.3)  is  subject  to  the  following  boundary 
conditions:  the  motion  <J)  is  prescribed  to  be  <J)d  on  dBd  <z  dB,  and  the  traction  P  •  N  =  t  is 
prescribed  on  the  remainder  dB\  and  subject  further  to  the  constraint  imposed  by  the 
balance  of  mass.  Push-forward  of  (4.3)  in  spatial  configuration  Q.  can  be  obtained  as 

div  t  +  Jpg  =  0,  (4.4) 

since  grad  J  =  0  (see  Section  A.  1). 

Equation  of  flow  continuity  is  derived  from  the  balance  of  mass.  It  is  assumed  in 
this  study  that  both  the  fluid  and  solid  phases  are  homogeneous  and  incompressible,  i.e., 
d(pa)/dt  =  0;  grad  p«  =  0  (see  Section  A.l).  Using  these  assumptions,  pa  can  be  factored 
out  and  eliminated  from  (3.16),  resulting  an  expression 

div(nava)+-(na)=0.  (4.5) 

Adding  (4.5)  over  the  phases  yields 

div[l-nw)vs]+di4wvw)=0.  (4.6) 

For  future  reference,  it  is  useful  to  define  a  superficial,  or  Darcy,  velocity  as 

v  =  nw(vw-vs).  (4.7) 

The  vector  v  represents  the  relative  volumetric  rate  of  flow  of  fluid  per  unit  area  of 
deforming  soil  mass  in  spatial  configuration  Q  =  (Jh(B).  v  is  related  to  fluid  potential  n 
by  constitutive  relationship.  See  Section  4.5  for  discussion.  For  simplicity  of  notation,  v 
will  be  used  for  solid  phase  velocity,  vs  in  subsequent  discussion.  Substituting  (4.7)  in 
(4.6),  field  equation  of  flow  continuity  can  be  obtained  in  the  spatial  reference  as 
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div  v  +  div  v  =  0.  (4.8) 

(4.8)  is  subject  to  the  following  boundary  conditions:  fluid  potential  n  is  prescribed  to  be 
ne  c  <|>t(dB8),  and  the  volumetric  flow  is  v  •  n  =  -q  on  the  remainder  <K(3Sh);  and  subject 
further  to  the  constraint  imposed  by  the  conservation  of  momentum.  Here  n  is  the 
outward  unit  normal  to  the  deformed  surface  <J>t(cB)  and  q  is  positive  when  fluid  is  being 
supplied  to  the  system.  In  material  description,  (4.8)  takes  the  following  from 

DIVV  +  DIVV  =  0.  (4.9) 

V,  V  are  pull-back  velocities  in  undeformed,  reference  configuration  B.  V,  V  can  be 
obtained  through  Piola  transform  of  v,  v  such  that,  V  =  JF_1  ■  v ,  V  =  JF_1  •  v .  Let 
V  •  N  =  -Q  be  the  prescribed  volumetric  rate  of  flow  per  unit  undeformed  area  across  the 

boundary  dBh,  N  being  outward  unit  normal  to  the  undeformed  surface  dB.  Q  maintains 
the  same  sense  of  direction  as  q. 

4.3  Weak  Form 
In  order  to  establish  weak  form  of  the  boundary  value  problem,  one  needs  to 
define  following  spaces  in  accordance  with  the  standard  arguments  of  variational 
principles.  Let  the  space  of  admissible  configurations  be 

C(j)  =  {<J):8->Rnsd  foeH1,  <|>  =  <|>d  ondBd)  (4.10) 

and  the  space  of  admissible  variations  be 

ty  =  {q :  B  ->  R nsd  r\ \  e  H1 ,  r\  =  0  on  dB d  },  (4.11) 
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where  T|  is  an  admissible  virtual  displacement  field,  H1  is  the  usual  Sobolev  space  of 
functions  of  degree  one.  Further,  let  G  :  C$  x  V+  — »  R  denote  the  weak  form  of 
equilibrium  equation  (4.8)  in  material  description. 

G((J),n,Ti)  =  Jfl(GRADTi:P-p0Ti.g)dV-jaflTi.tdA.  (4.12) 

The  balance  of  linear  momentum  is  given  by  the  condition  G((j>,  IT,  t|)  =  0.  The  formal 
statement  of  (4. 12)  is:  Find  <{>  e  C<,  such  that  G(<J>,  IT,  r\)  =  0  for  all  tie  Vf  Using  (3.55) 
and  (3.56),  one  can  rewrite  an  equivalent  expression  of  G  of  (4. 12)  in  the  same 
undeformed,  material  configuration  with  the  integrands  evaluated  in  spatial  description  as 
follows: 

G((J),n,Ti)  =  jfi(gradTi:x  +  0divTi-poTi.g)dV-jaflTi-tdA.  (4.13) 

Now,  let  the  space  of  potentials  in  spatial  reference  be 

Cq  =  (n : (j>t(8) -> Rnsd  n  g h1,  n  =  n0  on re }  (4.14) 

and  the  corresponding  space  of  variations  be 

Vb  =  {v  :  *t (B)  ~>  RnSd  V  G  H1 ,  V  =  0  on  r0  },  (4. 15) 

where  \|/ represents  an  arbitrary  virtual  pore  pressure  field.  Further,  let  H  :  Cq  x  Vq->  R 
denotes  the  weak  form  of  equation  of  continuity  (4.8)  in  spatial  description. 

H((J),n,v|/)  =  jQ(\i/divv-gradM/v)dQ-Jr\i/-qdr.  (4.16) 

One  can  show  that  the  balance  of  mass  is  given  by  the  condition  H((J),  II,  yj/)  =  0.  Formal 
statement  of  weak  form  (4. 16)  will  translate  as:  Find  II  e  C9  such  that  H(<|>,  IT,  \\f)  =  0  for 
all  admissible  \\f  e  Vq. 
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The  domain  of  integration  of  H(<J),  IT,  vj/)of  (4. 16)  can  be  of  evaluated  quite  easily 
in  undeformed,  material  configuration  by  introducing  the  Jacobian  J.  In  doing  so,  one 
would  require  the  following  identity 

J  =  Jdivv.  (4.17) 

Jis  the  time  derivative  of  the  J.  See  Section  A.4  for  proof  of  the  identity  (4.17). 
Substituting  (4.17)  in  (4.16)  yields 

H(d>,n,V)  =  Jfl(VJ-grad\|/.Jv)dV-JaB\|/QdA.  (4.18) 

Relation  of  area  transformation  of  flow  rate,  q  dr  =  Q  dA  (see  Section  A.4)  is  employed 
in  deriving  (4.18).  H(<|),II,V|/)  in  material  description  takes  the  form 

H(d>,n,V)  =  Jfl(\|/J-GRADV.v)dV-JaB\|/QdA.  (4.19) 

(4. 18)  and  (4. 19)  are  equivalent  expressions  since  GRAD  \j/  •  V  =  grad  \\t  •  Jv. 

Presence  of  rate  term  Jin  the  variational  equation  H(<}>,II,yj/)  makes  it 
mathematically  awkward.  One  can  eliminate  rate  terms  altogether  by  semi-discretization 
in  time  domain,  via  finite  difference,  for  example.  Following  is  a  brief  discussion  on  time 
descretization  scheme  for  consolidation  problems. 

4.4  Time  Descretization  Scheme 
The  ordinary  differential  equation  associated  with  the  problem  of  consolidation  is 
generally  stiff.  A  physical  insight  provides  an  explanation:  points  near  drainage 
boundaries  consolidate  many  times  faster  than  do  points  at  remote  places.  The  spectrum 
of  eigenvalues  associated  with  the  consolidation  equation  is  therefore  wide. 
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The  general  linear  k-step  method  for  approximating  the  solution  of  a  system  of 
ordinary  differential  equations  of  the  first  order, 

d  =  f(d,t),    d(0)  =  d0,    t>0  (4.20) 

is 

k 

Z(amdn+i-m  +Atpmfn+1_m)=0,  (4.21) 

m=0 

where  At  =  tn+i-tn  and  am,  pm  are  unknown  coefficients.  A  linear  multistep  (LMS)  method 
is  explicit  if  Po  =  0,  otherwise,  it  is  implicit.  Implicit  method  is  preferred  in  this  study 
because  it  has  a  larger  region  of  stability  than  the  explicit  methods,  and  it  is  compatible 
with  the  stress  point  algorithms  used  in  the  development  of  constitutive  models  (see 
Chapters  5  and  6).  As  a  result,  Po  *  0.  (4.21)  has  2k  +  2  unknown  coefficients. 

An  effective  technique  for  solving  stiff  differential  equation  is  provided  by  so- 
called  stiffly  stable  methods  proposed  by  Gear  [58-61].  These  k-step  methods  of  order  k 
are  based  on  backward  differentiation  formulas  (BDF)  derived  by  setting  Po  *  0,  Pi  =  P2 
=  . . .  Pk  =  0.  The  resulting  BDF  approximation  is 

k 

£(amdn+1_m)  +  Atpofn+i  =0  (4.22) 

m=0 

with  k  +  1  unknown  coefficients  which  one  can  choose  by  forcing  a  k-step  method  to 
satisfy  an  accuracy  of  order  k.  There  is  an  arbitrary  normalizing  factor  so  that  one  can  set 
cto  =  -1.0,  leaving  k  unknowns.  (4.22)  then  takes  the  form 


dn+l  ~  2j(amdn+1-m) 


m=l 


-Atp0fn+i=0.  (4.23) 
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See  [5]  for  determination  of  coefficients  for  BDF-k  scheme.  (4.23)  can  be  made  more 
generalized  by  introducing  one-step  recurrence  relation  for  f  such  that 


dn+l  ~  2j(amdn+l-m) 
m=l 


-Atp0[3fn+1+(1-P)fn]  =  0.  (4.24) 


0  <  P  <  1  is  the  parameter  of  generalized  trapezoidal  method.  Some  of  the  well-known 
families  of  P-methods  are  presented  in  the  following. 

Table  4. 1  Generalized  trapezoidal  method 


J3 Method 


0  Forward  Euler 
1/2  Crank-Nicolson 

1  Backward  Difference 


Unconditional  stability  is  achieved  for  any  At  if  P  >  1/2.  In  general,  the  nonlinear 
responses  of  interest  are  dominated  by  low-frequency  component  of  the  system,  but  high 
frequencies  also  enter  into  the  solution  because  of  the  numerical  approximation.  It  is 
known  that  the  backward  difference  scheme  (P  =  1.0)  can  damp  such  high-frequency 
components  but  at  the  expense  of  accuracy.  On  the  other  hand,  Crank-Nicholson  scheme 
(P  =  1/2)  possesses  a  second  order  accuracy  but  lacks  the  numerical  dissipation  of  the 
backward  difference  scheme.  It  was  shown  in  [61]  that  the  variable  step  size,  variable 
order  BDF  methods  are  convergent  and  unconditionally  stable  for  ordinary  differential 
equations. 

Following  (4.24),  one  can  obtain  time-integrated  variational  forms  of 
HAt((J),n,\|/)  given  as 
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HAt((J>,n,M/)  =  j  —  Jn+i-   ZamJn+1_m 
^V  m=i  j 


dV 


"  Po  \B  |p  (grad  V  •  J?)n+1  +  (1  -  p)(grad  y  •  JV)n  ]  dV       (4.25) 
-PoL[PQn+i+(l-P)Qn]dA-0, 


HAt(<t>,n,\j/)  =  j  -^  Jn+1-  ZamJn+1_ 
JsAtl  m=i 


m 


dV 


-  po  |B  [p  (GRAD  V  •  V)n+1  +  (1  -  p)(GRAD  v  •  V)n  ]  dV    (4.26) 
-PoL[PQn+i+(l-P)Qn]dA=0. 


IB 

Ub 
(4.25)  and  (4.26)  are  obtained  from  (4.18)  and  (4.19),  respectively. 


4.5  Large  Deformation  Plasticity  Model  for  Soil  Skeleton 
In  this  study,  plasticity  behavior  of  soil  skeleton  in  large  deformation  is  based  on 
multiplicative  decomposition  of  the  deformation  gradient,  F  [15,  16].  Let  X  be  a 
macroscopic  point  containing  a  sufficient  number  of  solid  particles  in  the  reference, 
undeformed  configuration  B,  and  x  be  the  configuration  of  X  at  some  time  t  >  0,  i.e.,  x  = 
<Jh(X).  Recall  from  (3.44),  F  =  dx/dX.  x  and  X  are  coordinates  of  x  and  X,  respectively. 
The  motion  of  X  produces  both  reversible  as  well  as  irreversible  microstructural 
changes  in  the  soil.  Typical  processes  associated  with  reversible  microstructural  changes 
include  elastic  deformation  and  (for  plate-like  particles)  elastic  bending  of  the  granules 
comprising  the  assembly.  As  x  is  unloaded,  it  moves  to  some  intermediate,  stress  free 
configuration  defined  by  the  macroscopic  point  xu.  Assuming  that  this  intermediate 
configuration  exists,  the  chain  rule  can  be  used  to  express  F  in  the  product  form 
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p  =  J^  c*VFe   Fp 


dx 


u    ax 


(4.27) 


F6  =  dx/dxu,  Fp  =  dx7dX.  Figure  4.2  presents  the  schematic  of  the  multiplicative 
decomposition  of  F. 


Reference 
Configuration 


x  =  <Jh(X) 

Spatial 
Configuration 


Intermediate 
Configuration 


Figure  4.2  Illustration  of  multiplicative  decomposition  of  the  deformation  gradient 


Ignoring  non-mechanical  power  and  kinetic  energy  production,  balance  of  energy 
and  the  use  of  the  second  law  of  thermodynamics  lead  to  the  following  reduced 
dissipation  inequality 


dY      1  dY 

D  =  x:d-—  =  -S:C-  — >0, 
dt       2  dt 


(4.28) 
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where  d  =  Sym(l)  is  the  rate  of  deformation  tensor,  I  =  F-  F"1  is  the  overall  spatial 
velocity  gradient,  and  \|/  is  the  stored  energy  function.  Clearly,  d^F/dt  =  JpE  and  D  =  0 
for  an  elastic  material  (see  (3.63)). 

The  form  of  the  stored  energy  function  \j/  determines  the  constitutive 
characteristics  of  the  soil.  For  isothermal,  elastic  processes,  vj/  depends  only  on  X  and  C  if 
it  is  to  satisfy  the  axiom  of  material  and  frame  indifference.  Equally  well  one  can  say  that 
for  isothermal,  elastic  processes  \j/  is  a  function  of  X  and  elastic  left  Cauchy-Green 
tensor,  be,  provided  that  be  satisfies  an  objective  transformation. 

An  elasto-plastic  process  requires  a  yield  function,  a  hardening  rule,  and  the 
imposition  of  consistency  condition.  Let  /  be  the  yield  function  defined  as  /(x,  x)  =  0-  X 
g  Rm  is  a  suitable  vector  of  m  >  1  (stress-like)  internal  variables  characterizing  the 
hardening  response  of  the  soil.  £  e  Rm  is  a  vector  of  internal  plastic  variable  (strain-like) 
conjugate  to  x  in  the  sense  that  x  =  -  d^Udt, .  From  the  framework  set  in  (4.27),  \j/  takes 
the  form 

xF  =  xF(x,be,^);  be=Fe-(Fe).  (4.29) 

Now,  consider  the  following  time-derivative  of  *F 

W=jSL:f=jEL:J.be+be.It+,  ube)+2Lt,  (4-30) 

dt      dbe  dbe  ^ 

where  £v  be  is  the  Lie  derivative  of  be.  Inserting  (4.30)  in  (4.28)  and  assuming  isotropy  in 
the  sense  that  be  and  dW/db*  commute,  the  dissipation  inequality  can  be  expressed  as 


D  = 


f  -   d¥      .  e^       .        .    d¥      .  e      (       1    .     .  e      .  .-0        dV      , 


x-2 b 

^  dbe 


:d  +  2^--be  :    --^0bc-be       -^--^>0.  (4.31) 
dbe  12"  J     d^ 
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The  first  term  of  (4.3 1)  yields  the  constitutive  relationship 

x  =  2  — -be,  (4.32) 

dbe 

while  the  other  terms  yield,  following  the  requirement  f(x,  %)  =  0  and  the  postulate  of 

maximum  dissipation, 

-I^be=<p^-be,  4  =  <p|f  (4.33) 

2  dx  dx 

q>  and  /  satisfy  the  requirements  of  consistency  conditions  such  thatcp  >  0,  /  <  0,  and  (p/ 

=  0.  Thus  (4.33)  defines  the  flow  rule.  (4.32)  and  (4.33)  satisfy  the  reduced  dissipation 
inequality  of  (4.28)  even  with  the  use  of  empirically  derived  hardening  law.  The  flow  rule 
(4.33)  possesses  a  number  of  important  properties.  In  particular,  it  gives  the  correct 
evolution  of  plastic  volume  changes  as  the  following  observations  reveal: 

(i)  The  total  and  elastic  volume  changes  are  given  by  J  =  det(F)  >  0  and  f  = 
(de^b6))172  >  0,  respectively. 

(ii)  Let  J*  =  det(Fp).  The  rate  of  plastic  volume  change  predicted  by  the  (4.33)i  is 
given  by  the  evolution  equation 

i.(logjP)=*tr["#|,  (4.34) 

dt v  '         Vox_ 

which  implies  exact  conservation  of  plastic  volume  for  pressure  insensitive  yield 
conditions;  i.e.,  if  tr[3//dr]  =  0. 

The  left  Cauchy-Green  tensor  be  can  be  decomposed  spectrally  into 

be  =  2^eA)2m(A);        m(A>  =n(A>®n(A),  (4.35) 

A  =  l 
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where  A,A  is  the  elastic  principle  stretch  corresponding  to  the  principal  direction  i/A^ .  <8> 

is  a  vector  operator  defined  as  (a®b)ij  =  ajbj  for  any  vectors  a  and  b.  Since  x  and  be 

commute,  x  can  be  decomposed  spectrally  in  the  form 

3 
x=XPa«"(a),  (4.36) 

where  Pa  are  the  principal  Kirchhoff  effective  stresses. 

By  the  assumption  of  frame  indifference  and  isotropy,  the  free  energy  function 
can  be  expressed  as  symmetric  function  of  the  elastic  principal  stretches,  i.e., 

T(x,be)=T(x,61e,6f,6f);        eA=ln(xeA),      A  =  1,2,3,  (4.37) 

where  ea  's  are  principal  elastic  logarithmic  stretches.  Thus,  the  elastic  constitutive 

equation  (4.32)  reduces  to  a  scalar  relationship  between  pA  and  eA  such  that 

Pa=—  i        A  =  1,2,3,  (4.38) 

In  the  elasto-plastic  regime,  the  additional  task  of  enforcing  the  consistency  condition, 
/(T>  X)  =  0,  is  done  incrementally.  In  the  first  step,  plastic  flow  is  frozen  and  an  elastic 
assumption  ignoring  the  constraints  imposed  by  yield  criterion  leads  to  elastic  a  trial 
elastic  state. 

f  =  l-f;         be=2Sym(lbe);         4  =  0,  (4.39) 

where  f  =  dx/dx„  is  the  deformation  gradient  evaluated  relative  to  the  converged 
configuration  <t>tn(fi)  In  the  second  step,  trial  state  is  held  fixed  and  plastic  relaxation  is 
introduced.  The  algorithm  is  given  explicitly 
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ue_     „.3/  Ke.  i_.df 


f  =  0;         bc=-2(p-^--bc;         S  =  YtS  (4.40) 

subject  to  (p  >  0,  /  <  0,  and  (p  /  =  0. 

Incremental  counterparts  of  the  evolution  equations  (4.39)  and  (4.40)  are  obtained 
from  the  so  called  product  formula  algorithm  [62].  From  (4.39),  trial  elastic  left  Cauchy- 
Green  tensor  is  obtained  in  incremental  form  by  freezing  plastic  flow  as 

be,tr=f.be.ft.  ^^  (441) 

where  b^  and  £n  are  the  respective  values  of  be  and  £  at  configuration  <J>tn(6).  Similar 
to  (4.27),  be,tr  can  be  decomposed  spectrally  in  the  form 


be'tr  =  Xtetr)2mtr(A);        mtr<A)  =  ntrM  ®  ntr(A).  (4.42) 


-r;2         

A=r 

Introducing  the  product  formula  algorithm  into  the  plastic  flow  equation  then  yields 

be=expf-2A(p^Ybe>tr;  £  =  £n+Acp|£,  (4.43) 

where  Acp  is  an  incremental  consistency  parameter  that  satisfies  the  conditions  Acp  >  0,  / 
<  0,  and  Acp/  =  0. 

Now,  by  invoking  isotropy  one  can  conclude  that  there  exists  an  equivalent 
function  /  =  /(01,p2,p3,y  such  that 

!=£|-m(A)-  (444) 

A  =  l    KA 

The  function  can  then  be  used  in  (4.43),  together  with  (4.35),  to  obtain 


.e,tr  _ 


= i\k): 
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exp 


2A(p 


A=1L 


11 
5Pa 


m 


(A) 


(4.45) 


.e,tr 


Comparing  spectral  decomposition  of  b  '     in  (4.42)  and  (4.45),  one  can  conclude  that 


m(A)  __tr(A) 
m       =  m 


;   k)2- 


exp 


2Acp 


1L 


A  J 


e,trV 


A  =  1,2,3.      (4.46) 


(4.46)  states  that  the  principle  directions  n(A)  coincide  with  the  trial  principle  directions 
n^A\  and  that  the  plastic  relaxation  equation  takes  place  along  the  fixed  axis  defined  by 
the  trial  elastic  state. 

Finally,  an  additive  form  of  the  plastic  relaxation  equation  is  obtained  by  taking 
the  natural  logarithms  of  both  sides  of  (4.46)2.  The  result  reads 

df 


ef  t  =eJttr-A(p-^-;        A  =  1,2,3 

A,t  A,t  V^R      ' 


SP, 


(4.39) 


(4.39)  represents  a  linear  return  mapping  algorithm  in  the  strain  space  defined  by  the 
elastic  logarithmic  principal  stretches.  In  KirchhorT  effective  stress  space,  a  linear  return 
mapping  algorithm  similar  to  that  presented  in  [63]  can  be  derived  if  one  assumes  an 
elasticity  operator  oiab  from  the  equation 


dV 


Pa=— r=ZaABSB>        A  =  1,2,3. 


(4.48) 


dz 


A       B=l 


The  result  reads 


PA=PAr-A(P2aAB^-,        A  =  1,2,3. 

B=l  ^B 


(4.49) 
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Similarity  in  form  between  the  standard  linear  return  maps  of  the  infinitesimal  theory  and 
(4.48),  (4.49)  allows  the  algorithms  for  the  infinitesimal  theory  to  be  preserved  and 
exploited  for  finite  deformation  analysis,  with  the  added  simplification  that  calculations 
now  takes  place  in  the  fixed  principal  stretch  directions. 

4.6  Constitutive  Law  for  Fluid  Flow 

Similar  to  solid  phase  one  needs  to  describe  appropriate  constitutive  law  for  fluid 
phase.  In  this  study  flow  is  assumed  laminar  and  generalized  Darcy's  law  is  employed  to 
describe  the  constitutive  relation  between  relative  volumetric  flow  v  of  (4.7)  and  fluid 
potential  II.  Linear  constitutive  equation  is  given  as 

v  =  -k-gradll,  (4.50) 

where  k  is  the  second-order  permeability  tensor  and  II  is  the  fluid  potential,  defined  in 
(4.14).  The  negative  sign  in  (4.50)  implies  that  fluid  always  flows  in  the  direction  of 
decreasing  potential.  Permeability  k  is  an  important  soil  parameter  which  depends  on 
other  material  properties  such  as:  particle  size,  void  ratio,  composition,  fabric,  degree  of 
saturation  [64].  For  most  practical  purposes,  k  is  assumed  to  be  symmetric,  positive- 
definite. 

For  incompressible  flow  the  potential  II  can  be  decomposed  as 

n  =  ne+ne;    ne=— — .  (4.51) 

JPwg 

FT  and  IIe  represent  pressure  and  elevation  counterparts,  respectively,  g  is  the  gravity 
acceleration  constant,  0  is  Kirchhoff  pore  pressure  as  defined  in  (3.56).  Taking  spatial 
gradient  of  (4.51)i  and  using  (A3),  one  obtains 
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. .__      grad  0      g 
grad  II  =  —     -  +  - . 


(4.52) 


JPwg      g 

If  Ile  is  measured  in  the  direction  of  gravity,  g/g  takes  a  convenient  form  of  {0,  1,  0}T  in 
Cartesian  space  e  R3.  Thus  the  variational  equation  (4.18)  for  the  volume  conservation 
may  be  written  as 


H(4>,n,v)  =  J  \|/JdV  +  J  grady-k 


grade  +Jg 
^Pwg        %) 


dV-{    yQdA.      (4.53) 


CHAPTER  5 
HYPERELASTIC-PLASTIC  MCC  MODEL 


5.1  Introduction 

Elasto-plastic  models  based  on  critical  state  formulations  have  been  successful  in 
describing  many  of  the  most  important  features  of  the  mechanical  behavior  of  soils  such 
as  hardening,  softening  and  pressure  sensitivity.  The  modified  Cam-Clay  (MCC) 
plasticity  model  of  critical  state  soil  mechanics  [28]  is  one  of  the  most  widely  used 
plasticity  models  because  of  its  practicality  and  simplicity.  As  a  result,  MCC  model  is 
adopted  in  this  study  to  simulate  elasto-plastic  response  of  phosphatic  waste  clay.  Two 
important  modifications  are  incorporated  to  the  small  strain  version  of  MCC  to  take  into 
account  large  deformation  effects.  These  modifications  are  hyperelasticity  and 
bilogarithmic  compressibility. 

Elasticity  models  are  commonly  incorporated  into  elasto-plastic  constitutive 
models  through  a  hypoelastic  formulation.  However,  extension  of  a  hypoelastic 
formulation  to  the  case  of  nonlinear  elastic  soil  response  could  result,  in  some  cases,  in 
conservative  models  [65].  In  case  of  small  strain  formulation,  the  use  of  non-conservative 
elastic  models  consistent  with  critical  state  theory  has  been  justified  by  the  hypothesis  of 
small  deformation  [66].  This  argument  is  unacceptable  in  the  large  deformation  regime 
particularly  under  conditions  of  cyclic  loading  where  significant  energy  can  either  be 
extracted  or  dissipated  from  certain  loading  cycles.  On  the  other  hand,  hyperelastic 
materials  are  those  for  which  a  stored  energy  function  exists,  and  hence,  are  conservative. 
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Nonlinear  hyperelasticity  model  with  a  constant  elastic  shear  modulus  is  used  for  large 
deformation  Cam-Clay  model  in  [67].  Though  energy  conservative,  use  of  constant  shear 
modulus  can  be  erroneous  since  experimental  evidence  suggests  that  for  soil  elastic  shear 
modulus  does  vary  with  effective  volumetric  stress  [60,  68].  Consequently,  a  class  of 
two-invariant  stored  energy  functions  [68]  is  employed  in  this  study  which  includes 
pressure-dependent  as  well  as  constant  elastic  shear  modulus  for  special  case.  A  variable 
elastic  shear  modulus  leads  to  fully  coupled  volumetric  and  deviatoric  elastic  responses. 
Another  limitation  in  small  strain  formulation  is  the  use  of  linear  variation  of  the 
void  ratio  (or  specific  volume)  with  logarithm  of  effective  volumetric  stress  to  describe 
the  hardening  response  of  the  soil  [28].  This  assumption  can  be  justified  for  small 
volumetric  strain,  which  does  not  hold  for  large  deformation  regime.  In  large  strain, 
linear  void  ratio  -  logarithm  of  effective  stress  variation  can  result  in  a  physically 
meaningless  solution  such  as  the  prediction  of  negative  specific  volume  even  at 
realistically  low  values  of  stresses.  In  this  study,  this  limitation  is  addressed  by 
incorporating  bilogarithmic  compressibility  law,  i.e.,  linear  relationship  between  the 
logarithm  of  specific  volume  and  the  logarithm  of  effective  volumetric  stress  as  proposed 
in  [69-71].  Advantages  and  generality  of  bilogarithmic  compressibility  law  are  discussed 
in  a  following  section. 

5.2  Hyperelastic  Model 
The  formation  of  hyperelasticity  is  based  on  the  existence  of  a  stored  energy 
function  ¥  =  ^(e6),  where  ee  is  the  vector  of  elastic  lograrithmic  principal  stretches.  The 
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effective  principal  KirchhofF  stress  vector  P  can  be  expressed  in  terms  of  *P  (see  (4.38)). 
Substituting  (4.38),  the  elastic  moduli  ae  e  R3x3  can  be  expressed  in  tensor  notation  as 


aS  =  * 


a2vF 


J  »     J 


Assuming  ^^j^  ^e^ef  j,one  can  use  the  chain  rule  to  expand  (4.38)  as 


Pi  = 


d¥  dz%      d¥  d&f 


+  ■ 


OE\r    Cfe-  Cfec    Cfe- 


(5.1) 


(5.2) 


ev  andef  are  the  volumetric  and  deviatoric  invariants  of  ee,  respectively. 


e        e   s: 
ev  =  e    -o; 


where  5  =  [1  1   1]\  Since 


■I 


ef  = 


e       e     1    e5 
3   v 


^v  _*. 

dee 


=  J!A' 


(5.3) 


(5.4) 


where  ii  =  ee> 


where 


,  then  (5.2)  can  be  rewritten  in  the  equivalent  form 


P  =  p5  +  J-qn  =  p5  +  s, 


p  =  — _  =  -p.6; 
5e5      3 


q  = 


JfH; 


s  =  p-p8. 


(5.5) 


(5.6) 


p  and  q  are  the  mean  normal  stress  and  the  deviatoric  invariant  of  P,  respectively,  s  is  the 
vector  of  deviatoric  principal  Kirchhoff  stresses. 
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The  elastic  moduli  tensor  can  be  obtained  by  differentiating  the  stress  equation 
(5.6)  with  respect  to  the  corresponding  strain  components.  In  order  to  do  that,  one  would 


2x2 


need  Dc  =  VVY  e  Rz     ,  Hessian  matrix  of  ¥ 


De  = 


Pn    ^22  J 


d2xaid&%d&%   d2x¥ife%d4 

d2x¥/d&fde$     d2xF/&fdefj 


(5.7) 


The  first  time-variation  of  stress  invariants  now  takes  the  form 


PUDe 


L^SJ 


(5.8) 


Note  that  De  is  symmetric  provided  that  the  function  \j/  exists.  If  Df2  *  0,  then  the 

volumetric  and  deviatoric  elastic  responses  couple,  that  is,  an  imposed  volumetric  strain 
produces  a  shearing  stress  response,  and  vice  versa.  The  following  section  investigates 
the  coupled  elastic  responses  within  the  context  of  stored  energy  function  developed 
specifically  for  cohesive  soils. 

Consider  a  class  of  stored  energy  function  of  the  form  [68] 


*(«;.«?)= 


r 


p0K  exp 


8v  -6 


V0 


V 


♦SmM*. 


(5.9) 


where  sv0=  elastic  volumetric  strain  corresponding  to  a  mean  normal  stress  of  po;  k  = 
elastic  compressibility  index;  and  u,  =  elastic  shear  modulus  defined  by  the  expression 


f 


H  =  Uo+ap0exp 


Ev  -e 


vo 


V 


(5.10) 
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am 

(i  contains  a  constant  term  |io  and  a  term  that  varies  with  e  y  through  a  constant 

coefficient  a.  If  a  =  0  and  |io  >  0,  then  the  elasticity  model  is  defined  by  a  variable  elastic 
bulk  modulus  and  a  constant  elastic  shear  modulus. 

The  following  elastic  constitutive  equations  can  be  derived  from  (5.7)  and  (5.9): 


p  =  p0(3exp 


£v  -e 


vo 


q  = 3ues , 


(5.11) 


where  (3 


=  l  +  3a(ef)' 


/2k. 


Df1=K  =  ^  =  ^.3exp 


K         K 


6v  -8 


VO 


(5.12a) 


Df2/3  =  }i  =  |!0  + 


a 


-lp  =  u0+ap0exp 


(  e  _   e 
sv     eVQ 


(5.12b) 


Df2  =  Dfj  = 


(•>     e^ 
3a8c 


(3k 


p  =  — ^-^-exp 


fcv     fcvo 


J 


V 


K 


(5.12c) 


An  important  feature  of  elastic  soil  behavior,  presented  in  (5.12a),  is  that  the  elastic  bulk 
modulus  K  is  a  linear  function  of  p.  With  a  suitable  selection  of  parameters,  elastic  shear 
modulus  u,  can  be  made  constant  or  a  linear  function  of  p  (see  (5. 12b)).  Since  the 

coupling  terms  Df2  and  Df  i  can  be  nonzero  for  a  *  0,  the  elastic  shear  and  volumetric 
responses  are  coupled  for  a  general  loading  path.  In  extreme  case,  when  \\q  =  0  and 

ef  =  V2k/3oi;  de^D6)  =  0,  i.e.,  De  becomes  singular.  This  situation  arises  when  the 


stress  ratio  q/p  reaches  its  maximum  value  of  V3aK  /  2  [68]. 
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5.3  Plasticity  Model 
The  essential  ingredients  of  a  plasticity  model  are  a  yield  function,  a  flow  rule  and 
a  hardening  law.  Two-invariant  yield  function  of  MCC  model  [28]  is  given  by  the 
ellipsoid 


/  =  /(p>q>Pc)  =  -^T+p(p-Pc)=°- 


(5.13) 


Here  /  is  defined  in  the  space  of  principal  Kirchhoff  stresses,  p.  Invariants  p,  q  are  given 
in  (5.6),  Kirchhoff  preconsolidation  pressure  pc  is  a  plastic  state  variable  that  describes 
the  size  of/.  M  is  the  constant  slope  of  the  critical  state  cone  in  the  p-q  plane. 


Yield 
Surface 


Figure  5.1  Yield  surface  of  the  MCC  Model  in  p-q  plane 


Hardening  law  and  flow  rule  of  MCC,  appropriate  for  large  strain  formulation,  are 
presented  in  the  following. 
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5.4  Hardening  Law 
In  case  of  small  strain,  the  growth  of  pc  is  conventionally  defined  by  a  linear 
relationship  between  the  void  ratio  e  and  the  logarithm  of  pc,  or,  equivalently,  by  a  linear 
variation  of  the  specific  volume  u  =  1  +  e  with  the  logarithm  of  pc  for  virgin  loading  (see 
Fig.  5.2a).  Corresponding  hardening  law  takes  the  form 

A  =  _££c_,  (5.14) 

uo  Pc 

where  Uo  is  the  reference  initial  specific  volume  at  a  preconsolidation  pressure  pco,  and  X 
is  a  constant  compressibility  index  of  the  soil.  Upon  integration,  the  hardening  law  (5.14) 
defines  the  following  relationship  between  the  specific  volume  u  and  the  logarithm  of  pc 


—  =  l-5tln 


(  n    \ 
Pc 

vPcoy 


(5.15) 


The  limitations  of  this  hardening  law  are  generally  well  recognized,  and  include 
among  others,  that  a  negative  void  ratio  can  result  even  at  realistically  low  values  of 
preconsolidation  pressure,  and  that  the  linear  relationship  is  valid  only  over  a  narrow 
range  of  values  of  the  effective  volumetric  stress. 

An  alternative  hardening  law  for  finite  volume  changes,  which  appears  to  have 
been  first  proposed  by  Hashiguchi  and  Ueno  [69],  and  later  studied  more  extensively  by 
Butterfield  [70]  and  Hashiguchi  [71],  is  of  the  form 

±  =  -X?±,  (5.16) 

u         pc 

where  X  is  the  appropriate  compressibility  soil  index  in  the  large  deformation  regime  for 

virgin  loading.  A  simple  integration  of  (5.16)  yields  the  relationship 


In 
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=  -A.ln 


IPcoJ 


which  indicates  a  linear  variation  of  In  o  with  In  pc  (see  Fig.  5.2b). 


(5.17) 


lnpc 


lnpc 


Figure  5.2a  Unilogarithmic  compressibility      Figure  5.2b  Bilogarithmic  compressibility 
law  law 


(5.17)  can  be  also  be  written  in  the  form 


_u_ 
«o 


Pco  I 
<Pc  J 


(5.18) 


which  implies  that  u  — >  0  as  pc  — »  oo.  Since  practically  one  cannot  have  u  <  1  (or  e  <  0), 
the  bilogarithmic  compressibility  law  is  not  without  limitation  either.  However, 
Butterfield  [70]  shows  from  compression  test  data  on  natural  soils,  specifically  soft  clays, 
that  this  law  is  more  accurate  than  the  unilogarithmic  compressibility  equation  over  a 
wide  range  of  values  of  effective  volumetric  stress.  Furthermore,  the  value  of  pc  below 
which  u  >  1  (or  e  >  0)  is  higher  with  the  bilogarithmic  compressibility  law  (see  Fig.  5.3). 
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A  simple  inspection  shows  that  in  the  limit  of  small  strains,  the  natural  volumetric 
strain  ln(o/uo)  =  ln(l  -  Au/oo),  where  Au  =  Uo  -  u,  coincides  with  the  natural  volumetric 
strain  Au/uo  of  the  infinitesimal  theory.  Thus,  the  bilogarithmic  hardening  law 
approaches  the  unilogarithmic  law  in  the  limit  of  small  volumetric  strains.  However, 
large  deformation  analysis  requires  the  use  of  natural,  and  not  nominal,  strains,  and  so 
(5.16)  is  more  robust  since  it  is  useful  both  for  small  and  large  deformation  analyses.  In 
light  of  these  desirable  features,  bilogarithmic  law  is  adopted  in  the  proposed  model. 


Eqn.  (5.16) 
Eqn.  (5.14) 


Figure  5.3  Limit  of  validity:  comparison  between  unilogarithmic  and 
bilogarithmic  compressibility  laws 


In  order  to  develop  a  hardening  law  appropriate  for  large  strain  plasticity  model, 
one  needs  to  exploit  the  properties  of  deformation  gradient  F.  The  product  decomposition 
of  the  F  given  by  (4.27)  produces  the  identity 


J  =  det(F)  =  JejP, 


(5.19) 
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where  Je  =  de^F6)  and  J*  =  det(Fp).  In  the  space  of  principal  logarithmic  stretch, 

3  3  3 

ev  =  In  J  =  111(^2X3)=  EeA;e$=lnJe  =  Ze%  ande5=lnJp=  £  eA.  Natural 

A=l  A=l  A=l 

logarithm  of  (5. 19)  then  yields 


lnJ  =  lnJe+lnjP 


=V  Ey    —  6y   ~T  6y  . 


(5.20) 


In  other  words,  the  product  decomposition  of  F  is  equivalent  to  the  additive 
decomposition  of  the  natural  strains  (see  Section  A.3).  The  rate  form  of  (5.20)  is 


j  j  +  j 


— ?  S v  —  By  Tti 


(5.21) 


J/J  =  u/u  since  J  =  u/u0.  u  is  the  specific  volume  with  a  reference  value  Do  in  the 
undeformed  configuration.  Thus,  the  hardening  law  of  (5. 16)  can  also  be  written  as 


—  —  —  8  y   +  8  y    —  —  A. . 

J     u  pc 


(5.22) 


Setting  ef  =  0,  q  =  0  and  p  =  pc  in  (5.11)  yields  the  following  expressions  for  virgin 


isotropic  loading: 


( 


Pc  =  Po  exp 


ev     evo 


V 


(5.23a) 


Po 
Pc  =— exp 

K 


( 


8v  -8 


> 


vo 


V 


J 


Pe  _Pc  ^e 

Oy    —  by. 

K 


(5.23b) 


Substituting  (5.23b)  in  (5.22)  and  simplifying,  one  can  obtain  the  following  hardening 
law  expressed  in  terms  of  plastic  component  of  the  natural  volumetric  strain: 
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Pc  ^~K 

Integration  of  (5.24)i  produces 

Pc  =  Pc,n  exP  0(ev  "ev,n  J   =  Pc,n  exp  Q[zy'tT  -i 


(5.24) 


(5.25) 


where  pc^»  and  e£  n  are  tne  preconsolidation  pressure  and  the  plastic  natural  volumetric 

strain  at  time  tn,  respectively.  Thus,  the  hardening  law  given  by  (5.16)  offers  a  further 
computational  advantage  in  that  the  evolution  equation  pc  can  now  be  integrated  exactly 
over  a  finite  load  increment. 


5.5  Flow  Rule 
Under  the  hypothesis  of  associative  flow  behavior,  the  integrated  flow  rule  at  any 
time  tn+i  in  the  space  of  logarithmic  principal  stretches  takes  the  form  (cf.  (4.47)) 

•e=Pe,tr_A(pa/ 


e    =e 


dp 


(5.26) 


For  simplicity  of  notations,  in  (5.26)  and  in  the  following  subscript  (n  +  1)  is  omitted;  it  is 
assumed  that  the  unsubscripted  variables  are  all  reckoned  with  respect  to  time  station  tn+i. 
Volumetric  and  deviatoric  components  of  (5.26)  are  as  follows: 


Ev  =E 


e,tr 


a     df 


<>e  _Ae,tr 
e    =  e 


A  3   8f    S 

Sim 


(5.27) 


tr, 


In  terms  of  unit  vectors  n ,  n    (5.27)2  takes  the  form 


e*       e  tr*tr     *    of  - 
8sn  =  es     n     -A<P-r"n» 


5q 


(5.28) 
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where  ef  =  V273II  e  II,  ef'tr  =  -JlB 


.tr 


atr 

.tr/ 

Jr 

A     .c/ 

e 

,  u 

-•/ 

e 

,n  =  e  7 

e 

Two  useful 


identities,  derived  from  the  following  assumptions,  are:  (i)  from  the  assumption  of 


associative  flow  rule,  n  =  e( 


=  s/|s|.  and  (ii)  from  the  assumption  of  convexity  of 


tr 


the  yield  function,  a  =  n    .  Exploiting  these  identities  (5.27)  can  be  rewritten  as 


ev=s*>tr-Acp^; 

ap 


s?=sse'tr-Acp^, 

aq 


(5.29) 


subject  to  the  conditions 

/(p,q,pc)<0;    Acp>0;    A(p/(p,q,pc)  =  0. 


(5.30) 


.tr     tr 


e      0e,tr    e     0e,tr 


In  the  elastic  regime, /(p    ,q    ,pcn)  <0,  Acp  =  0;  ev  =  ev'    ,es=es'    .  Plastic  regime 
is  realized  for  the  conditions:  /(p    ,q    ,pc  n)  >  0*  Acp  >  0.  p    and  q    are  the  predictor 


values  defined  from  (5.6)  as 


ptr  =  wH. 


6e 


e,tr 


ae 


^J 


e,tr 


(5.31) 


In  the  elasto-plastic  regime,  (5.29)  and  (5.30)  can  be  viewed  as  a  system  of  simultaneous 
nonlinear  equations  in  the  elastic  strain  invariants  and  the  consistency  parameter  A<p, 
represented  by  residual  vector  r  and  vector  of  unknowns  y,  as  follows: 


r  =  < 


sv-8V'tr+A(pa//ap 

6|-ef'tr  +  A(pa//aq 

/ 


y  = 


BV 

Acp 


(5.32) 


In  order  to  solve  this  system  iteratively,  one  can  employ  Newton's  method  over  the 
following  loop: 
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yk+,=yk 


-MV; 


Ak=^- 


V 


(533) 


k  is  the  local  iteration  counter.  AeR3*3  is  the  consistent  tangent  operator.  A  closed  form 
expression  of  A  can  be  written  in  a  compact  form  with  the  aid  of  the  following  matrices: 


H 


Hn     H12 
LH21     H22j 


d2f/dpdp    d2f/dpdq 
_d2f/dqdp    d2f/dqdq_ 


(5.34) 


G  =  HDe 


2x2 


H  =  VV/L    e  R       is  the  Hessian  matrix  of  yield  function  /  with  pc  held  constant.  The 
Pc 

A  matrix  then  takes  the  form 


A  = 


i+Adpn+Kpd2f/dpdpc) 

AcpG21 

D1c1a//ap+D|1a//aq+Kpa//apc  Df2a//ap+Df2a//aq      o 


AcpG12  3/ /dp 

AcpG21  l  +  AcpG22  df/dq 

rve3//a.  ,1/     ax  i  a-         T^e  a  *  ,  ^_  ,  t\Q 


(5.35) 


where  Kp  =  dpc  lde%  =  -0pc  is  the  plastic  hardening  modulus.  Using  the  yield  function 


(5.13),  one  can  have:  <9//dp  =  2p-pc,  d//dq  =  2q/M  ,  df/dpc  =-p, 


d2f/dpdpc=-l;  Hn=2,H22=2/M2,    H12=H21=0;  Gn  =2DflfG12  =2Df2, 


G21  =  2Df,  /M2,  G22  =  2Df2  /M2. 


5.6  Consistent  Tangent  Moduli 
Material  tangent  stiffness  matrix  aeR3*3,  defined  in  the  spaces  of  P  and  e,  is 
expressed  as 


e 

J 


ay  = 


*j    a>e'tr 


(5.36) 
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For  a  fully  elastic  response  with  volumetric  and  deviatoric  coupling,  the  matrix  a  takes 
the  form 


t 


ae  = 


> 


v 


9s 


s; 


8<35  +  J-Df2(5®ii  +  n®5)  +  ^(l-ii®n)  +  -Df2n®ii,  (5.37) 

3ec 


where  I  is  a  3x3  identity  matrix,  n  is  a  3x1  vector  obtained  from  the  relations 


n  =  e 


=  **>*> 


ke,tr 


=  S/HS  . 


In  case  of  isotropic,  linear  elasticity  free  energy  function  ¥  takes  the  form 


-Xlef+ef+ef 


+  V 


k)24?)24?): 


=  IK(£e)%Ue)2; 


(5.38) 


where  K  and  u,  are  constant  elastic  bulk  and  shear  moduli,  respectively.  K  =  A,  +  2/3  u,,  A 
is  a  Lame's  constant.  Since  ji  =  uo  >  0  (see  (5. 10)),  a  =  0;  elastic  shear  and  volumetric 


,e  ^r»c  _ 


e  _v  ^e  _ 


responses  uncouple,  i.e.,  Di2  =  D21  =  0  (see  (5- 12c)).  Now  substituting  D^  =K,  D22  = 
3|i  (see  (5.12a),  (5.12b)),  tangential  elastic  moduli  of  (5.37)  degenerates  to  the  familiar 
expression  for  linear  elasticity  as  follows: 


2u|I--5®5|. 


(5.39) 


In  the  elastoplastic  regime,  the  tangential  moduli  matrix  aep  can  be  expressed 
using  strain  derivative  of  (5.5)  as 

aeP  =_JL  =  50^_  +  f  fi0  A+Jfq_2*  (5.40) 

^e,tr  .e,tr     \3         ^e,tr     \34^e,tr 


where 
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dn 


4e/|ee||)     a(ee'tr/ee'tr|)         j 


5ee>tr        5Be>tr 


58e>tr 


ke,tr 


1  N 

I--5®8-n®n 


J 


(5.41) 


Substituting  (5.41)  in  (5.40),  and  using  the  elements  of  the  matrix  De  to  enforce  the  chain 
rule,  one  can  have 


aeP=80 
2q 


Dfi 


de 


\ 


^-  +  D 


v 


de 


e,tr 


12 


de 


e,tr 


J 


+Jf»® 


f 


C76c  \1  „  „     _  p      £78 


dIj-^^ 


V 


ae 


e,tr 


e     ^es 

22 


Ste 


e,tr 


3e 


1  > 

I--8®5-n<g>n 

3  J 


(5.42) 


Strain  derivatives  of  the  invariants  e^and  ef  are  obtained  from  (5.29)  as 


de^ 


aee>tr    a6e>tr 


.e,tr 


-  Aq> 


ft)  5ee'tr     aee'tr 


*L,_Lirflr_Af5t\p4J) 


9q 


In  the  expansion  of  (5.43),  one  will  need  the  following  strain  derivative  of  pc 


de 


foe    _v 
~e^r~~  KP 


;v 


5ev       „trs 


5ee>tr 


+  K"5, 


(5.44) 


where  Kp  =  dpQ/de%  and  Kpr  =  dpQ/  de%'  r  The  expansion  of  (5.43)i  and  (5.43)2  takes 


the  following  forms,  respectively 


•li 


*'     +bn 


det 


de 


e,tr 


'12 


a/  aAcp 


as 


e,tr  ap  ^e.tr ' 


de\ 


'21 


Sb 


e,tr 


+  b 


aef         [2. 

22^=vt" 


a/  aAcp 

aq  gfeC.tr ' 


(5.45a) 


(5.45b) 


where 
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bn  =  1  +  Acp 


Gn+Kp 


dpdpc 


b21  =  Acp 


G21+K, 


aV 

5q5pc 


b12  =  A(pG12; 
b22  =l  +  Aq>G22; 


(5.46) 


^1-AcpK*^. 

Solving  (5.45a)  and  (5.45b)  simultaneously  yields 


de\ 


^tr      det(b) 


b-nc5-,  — 


'22 


vfbi2"- 


aef 


1 


^e,tr      det(b) 


-b 


2lC5+V3bll"~ 


.  226p       12aq J  ^tt  j 


^u    3/    .      df}  5A(p 


(5.47a) 


5q 


dqjdse,tr_ 


(5.47b) 


where  det(b)  =  bnb22  -  b2ibn. 

The  strain-gradient  of  Aq>  is  obtained  from  the  overall  consistency  condition 


df    _df    dp    ,  df    dg    ^  df   dpc     Q 


ase'tr     ^p  aee'tr    *  aee>tr    ^Pc  aee'tr 


(5.48) 


Since  p,  q  and  pc  are  functions  of  the  strain  invariants,  one  can  expand  (5.48)  further  by 
chain  rule,  and  then  use  (5.47a)  and  (5.47b)  to  obtain  the  following  result 

dAcp 


de 


e,tr 


=  a15  +  a2n, 


(5.49) 


where 


1 
e 


d1b22c-d2b21c+det(b)Kp 


dPcJ 


a-,  =- 


e  =  di 


f 


'22 


V      u      ^/ 


dp 


-h™—  +d- 


'12 


dq. 


On D-n  — — 


'11 


21 


dq  dp 


I  r  d2=Df2^  +  D 


,e  df  ,  ^e  5/ 


li  -^n 


dp 


'21 


aq 


papc' 


ap 


b(d2bll-dlb12) 


e  5/ 

22  T" 

aq 


(5.50) 
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Plugging  (5.49)  in  (5.47)  yields 


-*2-8SDf15+ JJDfci; 


ae 


^  =  DP8+J|DPn,         (5.51) 


iy  g  R2x2,  consists  of  coefficients  of  base  vectors  5  and  n  in  (5.47a)  and  (5.47b),  is 
defined  as  follows: 


Dp 


1 


det(b)  _ 


'22 


c-a: 


Dp  = 


12     det(b) 


dp. 


u  df 

+  b,9a1-:L 


'12al 


3qJ' 


'12 


I 


dq 


~i\hl2*2i 


DP  = 


21     det(b)  _ 


Dp2  = 


det(b) 


"bllalT D21 

dq 

( 


f 


c-a 


■—I'. 


(5.52) 


'li 


.    V2  2aq 


A 


+V2b2ia2aF 


The  strain  gradients  of  the  stress  invariants  then  take  the  form 


_£P_  =  DJf6  +  J?Dg,n;  -^-  =  D^5  +  J^Jfi,       (5.53) 

^tr        »        V3    12  ^Mr        21       \3    22 

where  D^  e  R2x2  is  defined  as 

Dep=DeDp  (554) 

Substituting  (5.53)  in  (5.40)  then  yields  consistent  elasto-plastic  tangent  moduli 


aeP  = 


D«P  -i3.]806  +  JIDfP5®n  +  1|DfPn®8 


V 


98 


s  / 


+  -^-(l-n®n)  +  -D2Pn®ii 
3ef  3 


(5.55) 


For  elastic  loading,  Dp=  I,  Dep  =  De,  and  so  (5.55)  degenerates  to  (5.37).  Thus  (5.55) 
represents  a  generalized  expression  for  both  elastic  and  plastic  loading.  For  elasto-plastic 
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loading  Dp  *  I,  and  so  a**  loses  its  major  symmetry  due  to  the  fact  that  D^  *  D2[  . 

Volumetric  and  deviatoric  responses  are  coupled  for  elasto-plastic  loading  even  if  De  is 
diagonal  (in  case  of  constant  elastic  shear  modulus,  i.e.,  Ho  >  0,  a  =  0),  since  the  matrix 
Dep  is  generally  full  due  to  plastic  volumetric  and  deviatoric  coupling  inherent  in  the 
Cam-Clay  model. 


CHAPTER  6 
HYPERELASTIC-VISCOPLASTIC  MCC  MODEL 


6. 1  Introduction 

Hyperelastic-plastic  MCC  model  is  further  extended  for  viscoplasticity  to  model 
time-dependent  secondary  compression  of  phosphatic  waste  clay.  Elasticity  response  is 
based  on  the  stored  energy  function  [68]  of  (5.9).  Consequently,  nonlinearity  of  elastic 
moduli  and  coupling  of  volumetric  and  deviatoric  elastic  responses  follow  the  same 
constitutive  relations  as  presented  in  Section  5.2.  Yield  function  of  MCC  (see  (5.13))  is 
coupled  with  a  time  rate  flow  rule  to  simulate  viscid  response. 

Clay  is  a  strain  hardening,  rate  sensitive  material  that  has  remarkable 
characteristics  such  as  rate  sensitivity  of  strength,  secondary  compression,  creep  and 
stress  relaxation.  Various  elasto-viscoplastic  constitutive  models  have  been  proposed  to 
describe  the  rheological  behavior  of  clay.  Most  elasto-viscoplastic  constitutive  models 
can  be  classified  as  overstress  models  or  non-stationary  flow  surface  models.  Overstress 
elasto-viscoplastic  constitutive  model  was  first  introduced  by  Perzyna  [72].  The 
Zienkiewicz  et  al.  model  [73],  Adachi  and  Oka  model  [74],  Dafalias  model  [75],  Katona 
model  [76],  Baladi-Rohani  model  [77]  belong  to  this  category.  The  key  assumption  in 
these  models  is  that  viscous  effects  become  pronounced  only  after  the  material 
undergoes  yielding,  and  that  viscous  effects  are  not  essential  in  the  elastic  domain. 
Overstress  model  is  an  outgrowth  of  classical  plasticity  where  viscous  response  is 
introduced  by  a  time  rate  flow  rule  with  a  plastic  yield  function.  As  opposed  to 
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overstress  model,  in  non-stationary  flow  surface  model  yield  condition  of  a  material 
changes  with  time  as  plastic  straining  occurs.  Olszak  and  Perzyna  [78]  initiated  this 
concept  by  introducing  the  time  dependent  yield  condition.  Later  Sekiguchi  [79], 
Dragon  and  Mroz  [80],  Nova  [81],  Matsui  and  Abe  [82],  among  others,  adopted  this 
concept.  Viscoplastic  rate  equations  of  the  non-stationary  flow  surface  model  are 
characterized  by  the  stress  rate  terms. 

Overstress  viscoplasticity  model  is  adopted  in  this  study  to  simulate  secondary 
compression  behavior  of  phosphatic  waste  clay.  Motivations  for  selecting  overstress 
model  are:  (1)  the  incorporation  of  MCC  yield  function  is  straightforward;  (2)  the 
generality  of  time-rate  flow  rule  offers  the  capability  of  simulating  time-dependent 
material  behavior  over  a  wide  range  of  loading;  (3)  the  formulation  is  amenable  to  finite 
element  implementation. 

6.2  Flow  Rule 
In  viscoplasticity  formulation,  additive  decomposition  of  s  takes  the  following 
form 

s  =  ie+i^t  (6.1) 

where  8  is  the  vector  of  principal  logarithmic  stretches.  Be  and  e^  are  the  elastic  and 
viscoplastic  components  of  e,  respectively. 

For  an  associative  flow  e^  is  given  by  the  relation 

£vp=rp(/)^,  («-2) 

ap 
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where  P  is  the  vector  of  principal  Kirchhoff  stresses,  y  is  a  material  property  called  the 
fluidity  parameter  (units  of  inverse  time)  that  establishes  the  relative  rate  of  viscoplastic 
straining,  cp(/)  is  a  scale  function  (dimensionless)  of  plastic  yield  function,  /. 


<P(Z)  = 


>(/),   />o 
.0,       /<o 


(6.3) 


q>(/)  is  called  viscous  flow  function.  Two  commonly  used  forms  of  cp(/)  are: 


<p(/)  = 


\foJ 


cp(/)  =  exp 


r  *\™ 


f 


-l. 


(6.4a) 


(6.4b) 


wo/ 


N  is  an  exponent;  /o  is  a  normalizing  constant  with  the  same  unit  as  /  so  that  cp(/)  is 
dimensionless.  Although  more  elaborate  functional  forms  of  cp(/)  may  be  established, 
the  forms  given  by  (6.4)  appear  to  suffice  for  many  geologic  materials  [73]. 
(6.2)  can  be  written  in  incremental  form  as 

AevP=rAt(P(/)^  =  Aw(/)^,  (6.5) 

3p  dp 

where  Ay  =  yAt.  Substituting  (6.5)  in  additive  decomposition  of  natural  strains,  i.e., 
e  =  ee  +  eP  =  ee'  r  +  e[J ,  one  can  write  the  flow  rule  as 


e=pe>tr_ 


8=8 


Aycp(/) 


<?P 


(6.6) 


Volumetric  and  deviatoric  components  of  (6.6)  are  as  follows: 


e5=8^-AY(p(/)f; 

dp 


«e=eMr-A-W!w   (67> 
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~   ~tr, 


In  terms  of  unit  vectors  n ,  n    (6.7)2  takes  the  form 

efn  =  B^trntr-AYcp(/)^n, 

dq 


(6.8) 


where  e|  =  V2V3"|| e ||,  ef'     =  V2?3 


tr 


A*r     Jr 
,n     =e 


tr 


,n  =  e 


Since  n  =  n 


(see  Section  5.5),  (6.8)  can  be  expressed  in  terms  of  scalar  coefficients.  Consequently, 
(6.7)  can  be  rewritten  as 


dp  dq 


(6.9) 


tr     tr 


e  _0e,tr  0e  _ee,tr 


In  the  elastic  regime,  /(p    ,q,pc,n)<0>  <p(/)  =  0;e5  =e$'ir,ef  =sfl. 

Viscoplastic  regime  is  realized  for  the  conditions:  /(p    ,q    ,Pc  n)  >  0>  (p(/)>  0. 

tr  tr 

p    and  q    are  the  predictor  values  as  defined  in  (5.3 1).  In  the  viscoplastic  regime,  (6.9) 

can  be  viewed  as  a  system  of  simultaneous  nonlinear  equations  in  the  elastic  strain 
invariants,  represented  by  residual  vector  r  and  vector  of  unknowns  y,  as  follows: 


r  =  < 


8v-6v'tr+AYCp(/)d//dp 

.6f-8f'tr+AY(p(/)d//aq 


y  = 


l«U 


(6.10) 


One  can  employ  Newton's  method  (cf.  (5.33))  to  solve  this  system  iteratively  while  the 
tangent  operator  AeR2*2  of  (5.33)  now  takes  the  form 


A  = 


An      A12 
l_A2i     A22. 


drxld&%     d^/def 
_dr2/dev     dr2/def 


(6.11) 


Individual  components  of  A  are  derived  as 
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An=l  +  Ay 

A12  =  Ay 
A2i  =  Ay 
A22  =  1  +  Ay 


<P(/)  Gll+Kp 


d2f 

dpdpc 


v^dfUedf  ,r,e  df 


+  cp'(/)^-  Df^  +  D^^  +  Kp- 
dp\        dp  dq        v  dp 


Sf] 


ZJ 


cp'(/)^fDf2^  +  Df2^l  +  cp(/)G12 
dp\        dp  dq) 

9(j)—  Dn— +  D21- 
dq{        dp 


dq        P  dp 


+  9(/X>21 


c/ 


(6.12) 


cp'(/)^fDf2^  +  Df2^l  +  cp(/)G22 
dqy        dp  dq) 


K«  =  dpc  lde%  =  -0pc  (see  (5.25))  is  the  plastic  hardening  modulus, 

<P'(/)  =  dcp(/V  ^/.  Matrices  De,  G  are  defined  in  Sections  5.2  and  5.5,  respectively. 


6.3  Consistent  Tangent  Moduli 
Consistent  tangent  moduli  matrix  in  elasto-viscoplastic  regime  acp  gR3x3,  defined 


in  the  spaces  of  P  and  e,  is  expressed  as 

aep  =  apj  =  api 
ij     &j    aee>tr ' 

Following  the  developments  of  Section  5.6,  one  can  obtain  an  expression  of  a**, 
identical  to  (5.42),  i.e., 


(6.13) 


aeP=5® 
2q 


e    o&y_       e     oes 
^11 — rT7","L,12 


V 


de 


e,tr 
1 


de 


e,tr 


+  J|n® 


J 


Cfe\/  p        (7E 


Dfi"^- 


v 


de 


e,tr 


e     ^°s 

22 


3e 


e,tr 


— ^ — 1 1 — 5  <S>  5  -  ii  <S>  ii 

3e^      3 


Strain  derivatives  of  the  invariants  evand  ef  are  obtained  from  (6.9)  as 


d&v  d     (  e,tr     A     //\5/ 

~ elr"  =  _ elT  8v      "^^ 

dse>tr    ase'trv  5p, 


de 


s     _ 


aee'tr    &e>tr 


6s'tr-Aycp{/)^l.     (6.14) 
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In  order  to  expand  (6. 14)  to  the  lowest  order,  one  will  need  the  following  strain 
derivatives: 

df  K  dev  def 


=  aj8  +  a2 —  +  a3 — ;  (6.15a) 


aee'tr  cfee>tr  aee'tr ' 


-a48  +  a5-^-  +  G12-^-;  (6.15b) 


dpaee>tr  dse>tr        &e>tr ' 


^L  =  G21_^v_  +  G22_M_.  (6.15c) 


aq6ee'tr  aee'tr  &e'tr 

Coefficients  of  (6.15a)  and  (6.15b)  are  given  as 


■tr_3L    a    _De5/+De5/+K    _a/_.    .    _De  5/+De  5/. 

■pT~)      a2  _1Jll^r  +  1J21T^  +  RpT~»      a3  -1J12T~  +  L,22^> 

K  dpc  op  5q        K  opc  dp  3q 


tr    ^/   .     m     _n     iV      d2f 


p?1 — +  bM —  =  -c,8  +  ,j-n,  (6.17b) 

5Be'tr  cfee>tr 


Jf». 


where 


(6.16) 


v  dpdpc  F  dpdpc 

where  Kp  =  dpc/dev  =  -0pcand  Kp  =  dpc/dev'tr  =  0pc  (see  (5.25)). 


bii-^  +  b12^-  =  Cl8,  (6.17a) 


b„  =l  +  a2AY<p'(/)^  +  Ayq>(/)G2i;    b12  =  a3Ay(p'(/)^  +  AYcp(/)G22; 
op  op 

b21  =a2AY(p'(/)|i  +  AY(p(/)G21;        b22  =l  +  a3AY(p'(/)^-  +  AY(p(/)G22;       (6.18) 
3q  dq 

C,  =  l-aiAYcp'(/)^;  c2  =  aiAy<p'(/)f£ 

dp  dq 
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Solving  (6.17a)  and  (6.17b)  simultaneously  yields 


dz 


ft' 


iiF-*+#*fc 


5b 


5-  =  DP18  +  J-DP,ii 


ae 


e,tr 


'21 


22' 


Coefficients  of  Dp  g  R  x  are  given  as 


i  _  1 

Df,  =        — (b22C!  +b12c2);        Df2  = 


'»  "  det(b) V"22V1  ^  U12V2"        "U  '  d^(b)bl2 ; 
D'=defe(-b2lCl"bllC2);      D-  =  a4jbl1' 


(6.19) 


(6.20) 


where  det(b)  =  bnb22  -  b2ibi2. 

Substituting  (6. 19)  in  the  expression  of  a^  (cf.  (5.42))  then  yields  consistent 
elasto-viscoplastic  tangent  moduli  as  follows: 


ep  _ 


a  r  = 


Dep__2q    -, 


n 


9e 


s  J 


5®5  +  )||Dg)60n  +  ^|D1eJ)n®8 


2q 


+  ^-(l-n®n)  +  -D2Pii®n. 
3ef  3 


(6.21) 


Dep  _  DeDp  G  R2x2  Notethat  (6.21)  and  (5.55)  have  identical  expressions.  (6.21) 
represents  a  generalized  expression  for  both  elastic  and  plastic  loading.  For  elastic 
loading,  D^  =  De  since  Dp=  I  and  so  (6.21)  degenerates  to  an  expression  of  ae  identical 
to  (5.37). 


CHAPTER  7 
LINEARIZATION 


7.1  Preliminaries 

Some  useful  formulas  are  summarized  below.  These  will  be  helpful  for 
linearization  of  strong  and  weak  forms  of  coupled  equations  (see  Chapter  4). 

The  first  of  these  formulas  is  the  Piola  transformation,  introduced  first  in  Section 
4.2.  Let  y  e  Rmd  be  a  vector  field  in  spatial  configuration  fa(B).  Then,  the  Piola 
transform  of  y  in  reference  configuration  B  is 

Y  =  JF"1.y,  (7.1) 

provided  that  motion  <J)  is  regular  in  B.  The  following  equation  holds  for  y,  Y. 

DIVY  =  Jdivy.  (7.2) 

Proof  of  (7.2)  is  given  in  Section  A.7.  This  identity  may  be  extended  to  cases  where  Y 
and  y  are  vectors  derived  from  tensors  of  order  greater  than  or  equal  to  two  by  fixing  all 
but  one  of  the  tensor's  legs  (for  example,  fixing  one  leg  of  the  Kirchhoff  stress  tensor  x 
produces  a  vector  of  Kirchhoff  stresses). 

Following  are  linearization  of  some  basic  terms,  one  would  need  for  subsequent 
development.  Let  8u  be  the  variation  of  the  displacement  field;  then  the  linearization  of 
F  and  F1  at  any  configuration  <Jh(B)  are  given,  respectively,  by 

LF  =  F  +  grad5uF=F  +  GRAD5u;  (7.3a) 

LF"1  =F_1  -F"1  -grad5u=F_1  -F"1   GRAD6uF-1.  (7.3b) 
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Derivations  of  (7.3a)  and  (7.3b)  are  given  in  Section  A.8.  Linearization  of  the  Jacobian 
and  the  rate  of  the  Jacobian  at  spatial  configuration  $t(B)  are  given,  respectively,  by 

U  =  J  +  Jdiv(8u);  (7.4a) 

LJ  =  J  +  J  div(5v)-gradv:gradt(8u)  +  div(5u)divv  .  (7.4b) 

See  Section  A.9  for  derivation  of  (7.4a)  and  (7.4b). 

Linearization  of  the  reference  saturated  mass  density  po  =  Jp  at  the  spatial 
configuration  <jh(B)  is 

f-Po  =P0+PwJdiv(5u).  (7.5) 

Proof  of  (7.5)  is  given  in  Section  A.  10.  Note  that  po  is  not  constant  since,  as  pointed  out 
previously  (see  Section  3.5.2),  the  total  mass  of  the  soil-water  mixture  in  B  is  not 
necessarily  conserved  in  <Jh(B).  The  variation  of  po  reflects  the  amount  of  fluid  that  enters 
into  or  escapes  from  the  soil  matrix  due  to  the  variation  of  the  Jacobian. 

7.2  Linearization  of  Strong  Form 
The  results  discussed  in  the  previous  section  can  be  applied  for  the  lineraization 
of  strong  form  or  the  field  equations  of  linear  momentum  and  mass  conservation.  Since 
the  field  equations  are  mixed  formulation  involving  finite  deformation  u  and  Kirchhoff 
pore  pressure  0,  linearizations  are  derived  consistent  with  the  imposed  infinitesimal 
variations  5u  and  50. 


78 

7.2.1  Equation  of  Equilibrium 

Let  E  =  DIVP  +  p0g  be  the  linear  momentum  equation  (see  (4.3)).  Substituting 
(3.55)  and  (3.56),  E  can  be  rewritten  as 

E  =  Div(p  +eF-t)+  Jpg.  (7.6) 

Taking  the  variation  yields 


SE  =  DIv(sP  +  08F   t+89F~t)+6(J'p)| 
=Drv(A:8F  +  e8F"t+69F"t)+8(Jp)g. 


(7.7) 


A  is  the  first  tangential  elasticity  tensor  of  order  four.  A  has  the  structure  Ayki  =  SPij/dFki. 
One  can  write  from  (7.5) 

8(jp)g  =  pwJdiv(8u)g.  (7.8) 

Now,  using  (7. 1)  and  (7.2)  one  can  express 

Jdiv(8u)  =  DIV(8U)  =  DIVyF"1  •  8u),  (7.9) 

where  8U  is  the  Piola  transform  of  8u.  Substituting  (7.9)  in  (7.8)  results 

6(Jp)g  =  pwJdiv(8u)g=  PwDIV^"1  8u)g.  (7.10) 

Substituting  8F,  8F"1  from  (7.3),  8(Jp)  from  (7.10)  in  the  expression  of  8E  of  (7.6), 
linearization  of  E  may  be  written  as 

LE  =  E  +  DIV(A:GRAD8u)-DIv(0F~tGRADtSuF"t) 
+  DIv(89F"t)+pwDIv(jF"1  -8u)g. 

A  crucial  step  in  the  linearization  of  the  linear  momentum  balance  equation  is  the 
evaluation  of  the  tangential  elasticity  tensors  of  the  solid  matrix.  Four  of  them  are 
introduced  in  this  section:  the  tensors  A,  D,  a  and  d.  Each  of  these  tensors  can  be  derived 
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directly  from  others.  For  example,  A  can  be  obtained  from  D  using  the  following 
expression 

A  =  2FDFt+S©l;     Ap  =  2FimFknDmjni  +Sji5ik.  (7.12) 

See  Section  A.  1 1  for  derivation  of  (7. 12).  D  =  dS/dC  (i.e.,  Dmjni  =  dSmj/dCni)  is  the 

second  tangential  elasticity  tensor  of  order  four.  Constitutive  relation  (4.36)  and  pull 

backs  of  the  Kirchhoff  effective  stress  tensor  x  yield  the  following  expressions  of  the 

second  Piola-Kirchhoff  effective  stress  tensor  S  as 

3 
S  =  F"1-T-F~t  =  ]T3AM(A);    M(A)=F"1.m(A).F"t.  (7.13) 

A=l 

Pa's  are  the  principal  Kirchhoff  effective  stresses  and  m(A)'s  are  the  dyads  formed  by 
juxtaposing  the  principal  directions  of  the  elastic  stretches,  as  given  explicitly  by  (4.3  5)2. 
Using  the  chain  rule,  from  (7. 13)i  one  can  obtain  the  following  expression  for  the  tensor 
Das 


dC     2-^^det,  *•>*■     dC 


D  =  £  =  TlIlrM<A,®M(B)  +  X0A^,  (7.14) 

A=1B=1       B  A=l 


since  fe^ldC  =  M^/2  (see  Section  A.  14). 

By  the  symmetry  of  both  S  and  C,  and  by  the  axiom  of  material  frame 
indifference,  the  tensor  D  possesses  both  the  major  and  minor  symmetries  such  as  Dyki  = 
Djiki  =  Dijik,  Dijki  =  Dkiij.  Spatial  tangential  elasticity  tensors  a  and  d  may  be  obtained 
from  the  push-forwards  of  A  and  D  as 

aijkl  =FjaFlbAiakb;  C715*) 

dijkl  =2FiaFjbFkcFldDabcd.  (7.15b) 
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a  and  d  have  the  symmetries  [83]:  ajjki  =  auij,  dijki  =  djad  =  dyik  =  day.  A  push-forward  of 
all  the  indices  of  D  gives  the  following  expression  for  the  spatial  tensor  d 

3      3  3 

d  =  XZf4™^  ®m(B)  +22M(A)-  (7.16) 

A=1B=1       °  A=l 

Here  d(A)  is  the  push  forward  of  dM(A)/dC  as 

d^=FiaFjbFkcFld-^-.  (7.17) 

For  the  general  case  of  left  Cauchy-Green  tensor  b  having  distinct  eigenvalues  \],  1?2 
and  X,3 ,  d(A)  takes  the  form 

d(A)=—  [lb-b<8>b  +  I3XA2(l<g>l-I)J 


(7.18) 


+  —  U2A(b®m(A)  +m(A)  ®b)--DA?LAm(A)  ®m(A) 

A.   *— 

— '-[l3>-A2(1®m(A)+m(A)®l)], 

DA 

where  (lb)ijkl  =— [bikbji  +bjibjk],I3  =  det(C),  Ip  =  —  [5ik5ji  +  5n5jk], 

da  =  \^a  -  ^b)(^a  -  ^c)>  da  =  8^a  ~  2Ii^a  "  2I3^a3-  {A,B,C}  denotes  an  even 
permutation  of  the  indices  {1,2,3}.  This  expression  is  strictly  valid  only  if  the 
eigenvalues  are  different  since  DA  =  0  otherwise.  Although  it  is  possible  to  derive  a 
similar  result  for  the  case  of  repeated  eigenvalues  [19],  from  a  computational  standpoint 
it  is  preferable  to  reduce  this  situation  to  the  general  case  of  distinct  eigenvalues  by 
introducing  a  perturbation  of  the  repeated  roots.  For  example,  in  case  of  repeated  roots,  a 
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small  perturbation  of  llO^x  repeated  eigenvalues  is  used  in  PlasFEM  to  obtain  a  general 
case  of  distinct  eigenvalues. 

The  spatial  counterpart  of  (7. 11)  may  be  derived  directly  from  Piola 
transformation.  Then,  the  linearization  of  E  in  the  spatial  picture  takes  the  form 

LE  =  E  +  div(a:grad8u)-div(9gradt8u)+grad(89)  +  Jpwdiv(8u)g.     (7.19) 
An  equivalent  form  to  (7. 19),  using  the  spatial  tangential  elasticity  tensor  d,  is 

LE^E  +  divKd  +  TeiJigradSul-div^egrad^uj+gradCSeJ  +  JpwdivCSuJg,     (7.20) 
since  a  =  d  +  x  ©  1  (see  Section  A.  12).  Here  (x  ©  l)^  =  x jiSj^  represents  the  initial 

stress  contribution  to  the  spatial  stiffness.  Comparing  term  by  term,  equivalence  between 
(7. 1 1)  and  (7. 19)  can  be  established.  Exploiting  the  Piola  identity  of  (7.2),  one  can  show 
that  DIV(A:GRAD  6u)  =  div(a:grad  6u)  since  A:GRAD  6u  is  the  Piola  transform  of  T1 
a:grad  8u  and  grad  J  =  0  (see  Section  A.l).  Similarly,  second  divergence  terms  can  be 
shown  equivalent  noticing  that  0  F1-  GRAD1  Su  •  Fl  =  9  grad1 8u  •  Fl  is  Piola  transform 
of  J*!(9  grad1 8u).  Expansion  of  the  third  divergence  term  of  (7. 1 1)  yields  DIV(89  Fl)  = 
GRAD  89  •  F4  +  89  DIV(Fl)  =  grad  89  since  DIV(Fl)  =  0.  Equivalence  between  the  last 
terms  can  be  derived  from  (7.9). 

7.2.2  Equation  of  Flow  Continuity 

Let  M  =  DIV  V  +  DIV  V  be  the  equation  of  flow  continuity  for  a  saturated  soil- 
water  mixture  in  material  reference  (see  (4.9)),  where  V  and  V  are  the  Piola  transform  of 


82 


v  and  v ,  respectively  (see  Section  4.2).  Then,  the  linearization  of  M  at  any  configuration 
MB)  is 


LM  =  M  +  DIV6V  +  DIVoV. 


(7.21) 


One  needs  expressions  of  8V,  5V  for  linearization  of  M.  First  consider  variation  of  V, 

8V  =  5(jF_1  •  v)=  5JF-1  •  v  +  J5F"1  •  v  +  JF"1  •  5v .  (7.22) 

From  (7.4a),  (7.9)  and  (7.3b),  one  can  express 


5JF   1v  =  DIv(jF   l5ujF  lv; 
J5F"1  •  v  =  -j{f_1  gradSu}-  v  =  - 


JF~1GRAD8uF"1v. 


(7.23) 


Substituting  (7.23),  one  can  rewrite  (7.22)  as 

5V  =  8(jF"1v)=DIv(rF"1-5u)F"1v-JF"1GRAD5uF"1+JF"1-5v.     (7.24) 
From  (4.50)  and  (4.52),  generalized  Darcy's  law  can  be  written  as 


\  =  -k 


( grade  |  g^ 
JgPw     g. 


(7.25) 


Piola  transform  of  v  yields 


V  =  JF   1-v  =  -K 


^GRADG     TOt    gN 

+  JF-- 


v 


gPw 


§; 


(7.26) 


where  K  =  F      •  k  •  F     is  the  pull-back  permeability  tensor.  K  and  k  are  assumed 


symmetric  in  following  derivations.  Using  chain  rule,  one  can  expand  8V  as 


5V  =  -6K- 


(GMDe  +  JFt.I 

V    gPw  %) 


-K 


GRAD50 


<     gPw 


^\ 


(7.27) 


Substituting  8J  from  (7.23)i  and  8F  from  (7.3a),  one  can  write 
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8(jFt)=DIv(jF~1  -Su/F1  +  JGRADl8u. 
Substituting  (7.28)  and  rearranging,  (7.27)  can  be  rewritten  as 


(7.28) 


8V  =  -K 


[GRAD59 


■ 


gPw 


DIvfjF   ^Su^F^JGRAD^u 


g 


-5K 


^GRADG         ♦    gN 
+  JF-- 

gPw  gy 


(7.29) 


where 


8K  =  -F~1-J2Sym(GRAD5u-K-Ft)-(l  +  e0)DIv(jF"1-5u)— JF_t.(7.30) 

If  permeability  tensor  k  is  assumed  to  be  varying  with  the  deformation  or  void 
ratio  of  soil  skeleton  variation  of  k  can  be  expressed  as 

8k  =  (l  +  e0)Jdiv(Su)— =  (l  +  e0)DIv(jF_1  8u)  —  ,  (7.31) 

de  v  '  de 

where  eo  is  void  ratio  of  the  soil-water  mixture  in  reference  configuration.  See  Section 

A.  17  for  derivations  of  (7.30)  and  (7.31). 

Using  (4.8)  and  (4. 17),  M  can  be  written  in  spatial  description  as 


M  =  J  div  v  +  J  div  v  =  J  +  J  div  v. 


(7.32) 


Corresponding  lineraization  takes  the  form 

LM  =  M  +  5(j  +  Jdivv) 

=  M  +  8J  +  8J  div  v  +  J8(div  v). 

Substituting  (A.31),  J8(div  v)  can  be  expressed  as 


(7.33) 


J8(divv)  =  Jdiv(8v)-  grad(Jv) :  grad  8u, 


(7.34) 
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since  Jgrad  v  =  grad(Jv)  by  knowing  that  grad  J  =  0.  Substituting  (7.34)  in  (7.33)  then 
yields 


since 


LM  =  M  +  8  J  +  div[S(Jv)]  -  grad(Jv) :  gradl8u , 


div[8(JV)]  =  div(8Jv)  +  div(J8v) 

=  grad  8J  •  v  +  8J  div  v  +  grad  J  •  8v  +  J  div(8v) 

=  (GRAD  8J  •  F_1  )•  v  +  8J  div  v  +  J  div(8v) 

=  8(GRADJ)F_1v  +  8Jdivv  +  Jdiv(8v) 
=  8 J  div  v  +  J  div  (8 v) . 


Component  terms  of  (7.35)  are  given  as 


8J  =  J 


div(8v)  -  grad  v  :  grad  (Su)+ div (8u)  div  v 


Jv  =  -k 


^grad0  +  Jg^ 
8Pw        %) 


8(JV)  =  -k 


grad(80)  -  grad  9  •  grad  8u 


gPw 
dk 


+  Jdiv(8u)^ 
g 


-(l  +  e0)Jdiv(Su) — 


grade +Jg 


de   LPwg        g. 


(7.35) 


(7.36) 


(7.37a) 


(7.37b) 


(7.37c) 


(7.37a)  and  (7.37b)  are  obtained  directly  from  (7.4b)  and  (7.25),  respectively.  Derivation 
of  (7.37c)  is  given  in  Section  A.  19. 
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7.3  Linearization  of  Weak  Form 
Linearization  of  weak  form  G(<f),  n,  rj)  of  (4. 13)  takes  the  form 

LG  =  G+f  gradTi:(d  +  x0l):grad5udV+f  (80  div  n -0  grad  V  grad  SujdV 

J  B  *B 

-  I  pwJdiv(8u)ri  :g  dV- [    ri-8t  dA. 

Jfi  JdB 


(7.38) 
where  8u,  50  and  5t  are  the  variations  of  the  displacement  vector,  Kirchhoff  pore 
pressure,  and  traction  vector,  respectively. 

First  integral  term  of  (7.38)  is  derived  from  the  variation  of  grad  r\:  x  (see  Section 
A.20).  The  variation  8(0  div  tj)  =  80  div  r\  +  0  8(div  tj)  produces  the  second  integral  term 

upon  substitution  of  the  identity  8  (div  r|)= div  dr\  -  grad  r| :  grad  8  u  =  -grad  r\ :  grad  8u 
following  (A3 1)  (note  that  8r|  =  0  since  T|  is  a  vector  of  arbitrary  virtual  displacements). 
The  third  integral  term  emanates  from  the  linearization  of  po  (see  (7.5)).  The  last  integral 
term  is  derived  from  a  straight-forward  linearization  of  the  traction  vector  t. 

Upon  substitution  of  (3.55)  and  (3.56),  linearization  of  weak  form  G(<}>,  TI,  r\)  in 
material  description  (see  (4. 12))  can  be  expressed  as 

Z.G  =  G  +  Jfl6(GRADn:P-p0Ti-g)dV-JaB6(T|.t)dA 

=  G  +  jfl8(GRADTi:P)dV  +  jfl8(GRADT|:(0F"t))dV  (7.39) 

-jfi8(PoTlg)dV-Jae8(Tit)dA. 

Variation  of  the  first  integrand  is  given  as  8(GRAD  r\:  P)  =  GRAD  t|:  A  :  GRAD  8u  (see 
Section  A.  21).  Variation  of  the  second  integrand  in  material  description  may  take  the 
form 
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5(GRADr| :  (eF_t))=  50  GRADti  :F_t -0  GRADti  :  (f-1   GRAD^uF"1) 
Upon  substitution  of  (7.10),  variation  of  the  third  integrand  yields 

6(p0Tlg)  =  pwDIv(3F-1.6u)n:g. 

Substituting  all  these  identities  in  (7.39),  one  can  obtain  linearization  of  G  in  material 
description  as 


LG  =  G  +  |  GRADTi:A:GRAD5udV+f   50GRADTi:F_t  dV 

-J  OGRADrii^'^GRAD^uF^jdV  (7.40) 

-J  PwDIvljF^.SuJnigdV-J    Tj-etdA. 


is 

Ifl"  "         *  '  '  °         JdB 

(7.39)  and  (7.40)  are  equivalent  expressions. 

Linearization  of  weak  form  HAt(<J),II,\|/)  of  (4.25)  is  given  as 


LHAt=HAt  +  f  — Jdiv(5u)dV  +  pp0f  grad \|/ •  —  •  grad 50  d V 
JB  At  Jfl  on,,, 


fiAt  JB  gpw 

gradOdV 


'    k 


f  K  t 

-2pp0     grad\|/-Sym grad  5 u 

JB  Upw  ; 


-pp0f  gradv|/[grad5u-(divSu)l]-k -^J  dV  (7.41) 

JB  g 

+  PP0(l  +  e0)f  grad\|/.(div5u)l.  — •{IE^  +  JijjdV 
Jfl  de    LPwg        gJ 

-PPoJasi|/5QdA. 

The  first  integral  term  of  (7.41)  results  from  the  variation  of  J  (see  (7.4a)).  The  second, 
third,  fourth  and  fifth  integral  terms  result  from  the  variation  of  gradvj/  •  Jv  (see  Section 
A.22).  The  last  term  results  from  the  variation  of  Q. 

Linearization  of  weak  form  HAt(<j),n,vj/)  of  material  description  (see  (4.26))  is 
given  as 
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LHAt=HAt+J  -¥-DIv(jF"1-5u)dV  +  PPoif  GRAD  vj/ • -^- •  GRAD  59  dV 


K     wt 


-2pp0f  GRAD  yj/F-1- Sym  GRAD  Su Fl     F    tGRAD9dV 

Jfl  V  8Pw        J 

-BB0f  GRADvi/F^GRADSuKF^J^dV 

JB  g 

+  PP0f  GRADvi/KDIV^JF'^SuJF^^dV 


+  P3o(l  +  e0)f  GRADvF^.DIvfjF^.Su^.F-t.j^^^  +  JF^ildV 

Jfi  5e  I    Pwg  gJ 

-PPoJ^M/SQdA. 

(7.42) 
The  first  integral  term  of  (7.42)  results  from  the  variation  of  J  (see  (7.4a)  and  (7.9)).  The 

second,  third,  fourth  and  fifth  integral  terms  result  from  the  variation  of  GRAD  \\f  •  V 
(see  Section  A.23).  The  last  term  results  from  the  variation  of  Q. 

Considering  term  by  term,  one  can  show  that  (7.41)  and  (7.42)  are  equivalent 
expressions.  Equivalence  between  first  integral  terms  can  be  obtained  from  (7.9). 
Equivalence  between  second  integral  terms  can  be  drawn  from  the  relations: 

grad  \|/ =  GRAD  vj/F-1,  grad59  =  GRAD59-F"1 ,  and  K  =  F_1   k  F_t    Similarly, 
the  third  integral  terms  can  be  proved  equivalent  since 


( 


Sym 


GRAD5u-^-Ft 
gPw 


=  Sym 


f    k  .      >\ 


grad  5u =  Sym 

gPwJ 


k 


UPw 


•grad  5u 


By  contracting  and  rearranging  the  remaining  volume  integral  terms  of  (7.42)  into 
equivalent  spatial  descriptions,  one  can  obtain  identical  expressions  for  the  fourth  and 
fifth  integral  terms  of  (7.41). 


CHAPTER  8 
FINITE  ELEMENT  FORMULATION 


8. 1  Finite  Element  Framework 
System  of  equations  for  consolidation  problem  can  take  a  general  form 

K|+1  M!+1=f£„  (8.1) 

at  any  iteration  k  of  time  step  tn+i-  K  is  the  global  stiffness  matrix  or  consistent  tangent 
operator,  5d  is  the  vector  of  incremental  generalized  displacement  defined  as 

5dn+}=dn+J-dn+1.  (8.2) 

For  large  strain  consolidation,  d  consists  of  solid-phase  displacement  vector  u  and 
Kirchhoff  pore  pressure  vector  0.  f  is  the  vector  of  residual  out-of-balance  forces  defined 
as 

fn+i  =(fext)ii+i  ~(FiNT)n+i  (8-3) 

Fext  is  the  vector  of  externally  applied  forces,  e.g.,  gravity  forces,  prescribed  surface 
tractions,  fluid  potential,  flow  rate  etc.  It  is  assumed  that  Fext  is  constant  for  a  given  time 
step  tn+i.  Fint  is  the  vector  of  internal  nodal  forces,  f  is  formed  from  the  coupled 
equations  of  weak  form  G(<i>,  U,  t\)  and  H(<|>,  TI,  vj/)  (see  Chapter  4),  integrated  over  the 
problem  domain. 

Finite  element  formulation  solves  the  system  of  equations  ieteratively  using  some 
standard  methods  (e.g.,  Newton-Raphson  method)  so  that  f,  at  some  configuration,  is 
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minimized  within  a  tolerance  (e.g.,  l.OxlO"4).  Fint  is  function  of  the  generalized 
displacement  vector  d,  and  can  be  approximated  by  Taylor  series  expansion 

f 

'n+l 
Neglecting  the  higher  order  terms  0(h),  the  exact  solution  is  approximated  by 


(*■»!)„+,  =FWT(d!5t{)=F1Nr(d!i+1)+(^L)       (dfc!-dj$+1)+0(h).        (8.4) 


■  k+l  _  jk      ,  fdFiNTN 


dn+i  *dn+l  ~dn+l  + 


(FExr)n+i  ~FMr\dn+i/J  (8  5) 


ad 

The  Jacobian  matrix  dFnrr/dd  is  equal  to  the  tangent  operator  K  of  (8. 1).  It  is  evaluated  at 
each  iteration  due  to  material  and  geometric  nonlinearities  so  that 

a^k    =Kk+i-  (8_6) 


ad 


'n+i 


Substituting  (8.6),  (8.4)  and  (8.5)  can  be  reduced  to  (8.1) 

At  the  end  of  each  iteration,  displacement  vector  d,  i.e.,  the  configuration  is 
updated  according  to  (8.5).  If  equilibrium  is  achieved  within  a  prescribed  tolerance,  the 
solution  is  started  for  next  time  step.  Otherwise,  a  new  iteration  is  performed. 

8.2  Matrix  Equations 
This  section  discusses  derivation  of  matrix  forms  of  the  weak  form  equations  and 
their  variations  (see  Sections  4.3  and  7.3),  amenable  for  finite  element  formulation,  for 
D9P4  axisymmetric  element  (see  Section  9.1).  Because  of  the  simplicity  of  the 
linearization  of  the  integrands  in  spatial  description,  (7.38)  and  (7.41)  are  implemented 
in  finite  element  code. 
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According  to  the  standard  procedure,  one  needs  interpolation  function  or  shape 
function  matrices  for  approximating  the  solid  phase  motion  <J)  and  pore  pressure  field  0. 
Let  N*(x)  and  Ne(x)  be  two  distinct  matrices  of  spatial  interpolation  functions 
representing  <j)  and  9,  respectively.  Let  uh(x)  e  R1**1  represents  spatial  displacement  field 
describing  <J),  nsd  being  the  number  of  spatial  dimensions.  In  matrix  form 

uh(x)  =  N*(x){u  +  ug},  (8.7) 

where  u,  ug  e  Rnq  are  the  vectors  of  unknown  and  prescribed  nodal  displacements, 
respectively,  nq  is  the  number  of  displacement  components  for  an  element  ( =  number  of 
displacement  degrees  of  freedom  per  node  x  number  of  nodes). 
Similarly, 

eh(x)=Ne(x){e+er},  (8.8) 

where  0h  e  R1  represents  spatial  Kirchhoff  pore  pressure  field  9.  0,  0r  e  Rnp  are  the 
vectors  of  unknown  and  prescribed  nodal  Kirchhoff  pore  pressures,  respectively.  Now, 
arbitrary  weighting  functions  rjand  vj/  may  be  interpolated  in  a  similar  fashion  in  terms  of 
their  nodal  values  rjand  \j/ as  follows: 

T,h(x)  =  N*(x)ri;      yh(x)  =  N9(x)y,  (8.9) 

where  t\  g  Rnq  and  \j/  e  R1*.  For  D9P4  elements  nsd  =  2,  nd  =  9,  np  =  4,  nq  =18.  N*  and 

N9  matrices  for  D9P4  element  are  given  in  Appendix  B. 

Employing  these  preliminaries  of  (8.7)  to  (8.9),  one  can  formulate  the  necessary 
finite  element  equations.  Let  the  weighting  function  tj  be  approximated  by  arbitrary  nodal 
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values  rj  g  Rnq  via  (8.9),  then  the  finite  element  equation  for  weak  form  of  the  balance  of 
linear  momentum,  G(<j),  IT,  x\)  (see  (4. 13))  may  be  written  as 

Gh(d),n,ri)  =  ?it[Ns(u)  +  Nw(0)-FEXT]  (8.10) 

where 

Ns(u)=f  B^xJdV  (8.11a) 

Nw(0)  =  J  btN0{9  +  er}dV  =  J  bl0hdV  (8.11b) 

FEXT  =  ^PoN^gdV  +  J^N^tdA  (8.11c) 

For  axisymmetric  element,  Kirchhoff  stress  vector  {x}  is  defined  as  {in,  X22,  ^33,  T12, 
xjiY;  subscripts  1,2,3  denote  radial,  axial  and  circumferential  directions,  respectively.  B 

is  the  spatial  strain-displacement  transformation  matrix,  b  =  {1}  B  .  See  Appendix  B  for 

the  structures  of  B  and  b.  By  expanding  terms,  one  can  have  rj  B  {x}  =  gradrj :  x .  Thus, 
(8.1  la)  produces  the  first  integral  term  of  (4. 13).  (8. 1  lb)  represents  the  second  integral 

term  of  (4.13)  following  the  identity  brj  =  tj  b    =  divrj .  Third  and  fourth  integral  terms 

of  (4. 13)  can  be  obtained  from  (8. 1  lc)  using  the  identity  rj  =  rj  N^  .  It  is  important  to 
note  that  po  is  reference  mass  density.  So,  it  is  a  non-constant  term.  Following  (7.5),  p0  is 

updated  at  each  iteration  as  (p0)  n+i~  (Po)  n+l+  i Jdiv 1 5u    )  jn+i ;  in  equivalent  matrix 

form  (poJk+^fooJn+i+UbSuJn-H. 

Next,  finite  element  equation  of  weak  form  for  the  balance  of  mass,  HAt(<J>,n,  \j/) 
(see  (4.25))  may  be  written  as 
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AtH^t((t),n,v)=v[J(u)-PoAt<D(e)-p0AtHEXT]  =  0,  (8.12) 


where 


f 

dV  (8.13a) 


j(u)  =  JfiN0t  Jn+i-ZamJn+l-i 


m 
V,  m=l  ; 


<D(0)  =  P  ^E1  (Jv)n+1  dV  +  (1  -  p)JflE^  (Jv)n  dV  (8. 13b) 

HEXT=jflNet[pQn+i+(l-p)Qn]dA  (8.13c) 

From  (8.9)2,  one  can  have  N9vj/  =  x^N01  =  v|/h  ,  and  so  (8.13a)  and  (8.13c) 
produce  the  first  and  third  integral  term  in  (7.42),  respectively.  E,  En  in  (8. 13b)  are  the 
gradient-pressure  transformation  matrices  (see  (B.8))  computed  with  respect  to 

coordinates  x  and  xn,  respectively.  Since,  vj/  E    =  grady  and  vj/  En  =  (gradi|/)n ,  one 
can  obtain  second  integral  in  (7.42)  from  (8. 13b).  Jv  is  computed  from  (7.36b)  using  the 
relation  grad  0  =  EG. 

Finite  element  equation  for  the  first  variation  of  the  weak  form  G(<j),  II,  T|)  (see 
(7.38))  may  be  written  as 

8Gh(d),n,:n)  =  :nt[K(j)(j)5u+K(j)e50]  (8.14) 

where 

KH  =  Jfi(Bt(D  +  T  +  I0)B-pwJN(l)tgb)dV  (8.15a) 

K<j>e=-JBbtN8dV  (8.15b) 

8u  and  89  are  the  first  variations  of  u  and  0,  respectively. 
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D  is  a  rank-two  material  stiffness  matrix.  Terms  of  rank-four  tensor  d  in  (7.38)  is 

arranged  in  D  (see  (B.9))  in  such  a  way  that  scalar  product  term  tj  B  DB  Su  yields  an 
equivalent  expressions  for  grad  r\h  :d:  grad  5uh.  Initial  stress  matrix  T  (see  (BIO))  is 

assembled  from  fourth-order  tensor  (x  ©  l)ijid  =  Tji5ik  such  that  tj  B  DB  8u  =  grad  Tih  :c: 

grad  Suh.  Similarly,  r\  B  IqB  5u  produces  an  equivalent  expression  for  the  scalar 
product  term  0h  grad1  T|h  :  grad  8uh  Ie  is  defined  in  (B.  1 1).  The  remaining  terms  in  (7.38) 


can 


be  proved  using  the  identities  b  5u  =  div  (8uh)  and  bTJ  =  div(rih  J. 

Finite  element  equation  for  the  first  variation  of  weak  form  H  *.(<{),  II,  \j/)  (see 
(7.41))  may  be  written  as 

-At8H^((j),n,(i))  =  vt[K0(})5u  +  Kee50]  (8.16) 

where 

K9d>=-f  JN0tbdV  +  ppoAtf  f—i- EtHB  +  JEt01B-J(l  +  eo)Et02B|dV (8.17a) 
iB  JfllPwg  J 

Kee=-Mo^f  ElkEdV  (8.17b) 

Pwg  Jfl 

Matrix  forms  for  the  first  two  integrals  in  (7.41)  are  trivial.  With  respect  to  the  third 

integral  in  (7.41),  which  arises  from  geometric  nonlinearity,  the  following  identity  can  be 

obtained  by  direct  expansion: 


2grad\j/h  -Sym 


kgrad^u11)}  grade  =  \j/tEtHB8u,  (8.18) 

where 

E  =  EX+E2.  (8.19) 
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For  D9P4  axisymmetric  element 


a2  = 


•=•1 


klj9,j 


kuQyl   k12ej2   o  k12e}1   knej2 

k2101     k2202     0    k2205l     k2192 


(8.20a) 


0 


o  k2je5J      o 


0        k2j0J     o 


kue,jj 


(sum  on  j  =  1,2).      (8.20b) 


with  respect  to  the  fourth  integral  in  (7.41),  which  also  arises  from  geometric 
nonlinearity,  the  following  identity  can  be  obtained  from  direct  expansion: 

gradM/h-|grad(5uh)-div(5uh)lJk  -^  =  ^E^BSu, 


where 


0!=- 

g 


g 


0         -k12g    -k12g    k22g       0 
-k22g        0        -k22g       0       k12g 


(8.21) 


(8.22) 


for  D9P4  axisymmetric  element.  Matrix  from  of  the  fifth  integral  term  in  (7.41), 
representing  the  variation  of  permeability  with  Jacobian,  is  obtained  from  the  following 
identity 

gradyh.div(6uh)l.^.^  +  j4  =  ytEt02B6u.  (8.23) 

de    [pwg       gj 


For  D9P4  axisymmetric  element 


0o    = 


dk 


iJ 


dk 


de 
dk 


u 


J 


iJ 


dk 


2J 


de 
dk 


u 


J 


IJ 


de 


uj     0    0 


L  de 


u 


J 


2J 


dk 


de 


u 


J 


2J 


u  i     0    0 

de      ,J 


(sum  on  j  =  1,2).       (8.24) 


where  u  = +  J— 

Pwg        g 
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Since  tj  and  vj/  are  both  arbitrary,  the  conditions  stated  in  (8.10)  and  (8.12)  can 
be  satisfied  by  the  following  coupled  vector  equations: 
Balance  of  linear  momentum: 

r<j)M)  =  FEXT  -{ns(u)+Nw(9)}=0.  (8.25) 

Balance  of  mass: 

re(u,e)  =  P0AtHEXT  -{j(u)-p0At<D(e)}=0.  (8.26) 

For  numerical  analysis,  the  problem  boils  down  to  determining  the  configurations  defined 
by  the  nodal  values  u  and  0  at  which  (8.25)  and  (8.26)  are  simultaneously  satisfied. 
Residual  force  vector  and  displacement  vector  of  an  element,  fe  and  5de,  respectively,  are 
given  as 

'-»•  -.-£}■ 

Consistent  tangent  operator  discretized  at  element  level,  Ke  is  assembled  from  coefficient 
matrices  (8.14)  and  (8.16)  as 


Ke  = 


K0<j>  Kee_ 


(8.28) 


Global  matrices  K,  f  and  5d  of  (8. 1)  are  assembled  from  Ke,  fe,  and  5de, 
respectively,  according  to  the  node  numbering  scheme  of  the  problem  domain.  In 
PlasFEM,  incremental  displacements  5u  and  pore  pressures  50  are  actually  grouped  on  a 
nodal  basis  in  order  to  preserve  handedness  of  the  global  stiffness  matrix  which  costs  less 
CPU  time  for  matrix  inversion. 
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In  general,  matrix  Ke  is  nonsymmetric  and  indefinite.  The  lack  of  symmetry  of  Ke 
is  a  consequence  of  solving  a  non-symmetric  consolidation  problem.  However,  there  are 
conditions  which  results  in  a  symmetric  Ke  even  if  the  problem  of  consolidation  is 

inherently  non-symmetric.  Obviously,  Ke  being  symmetric  requires  that  Kqq  =  kL  , 

which  is  true  if  and  only  if  the  permeability  tensor  k  is  symmetric.  Furthermore,  for  small 
strain  analysis  the  Jacobian  J  is  identically  equal  to  unity,  while  the  second  integral  in 
(8.17a)  vanishes  identically  since  it  originates  from  geometric  nonlinearity.  Thus,  for  this 

condition,  Kqa  =  K^q  .  Under  the  same  setting  imposed  by  the  assumption  of  small 

strains,  the  last  term  in  the  integral  of  (8. 15a)  also  vanishes,  since  this  term  is  simply  the 
linearization  of  the  constant  Jacobian.  Thus,  under  the  assumption  of  small  strains, 

Kaa  =  K  7,  provided  that  material  stiffness  matrix  D  is  symmetric. 


CHAPTER  9 
NUMERICAL  EXAMPLES 


This  chapter  presents  numerical  simulation  examples  of  one  and  two-dimensional 
(plane  strain)  hyperelastic  consolidation.  Effects  of  large  strain  on  consolidation 
settlement  and  excess  pore  pressure  dissipation  are  compared  with  the  same  for  the  small 
strain  formulation. 

Time  integration  for  all  the  numerical  simulations  in  Chapters  9  and  10  was 
carried  out  by  the  one-step,  first-order  accurate,  unconditionally  stable  backward 
difference  scheme  (see  Section  4.4)  obtained  by  setting  k  =  1,  and  (3o  =  P  =  cti  =  1.  The 
simulations,  both  the  large  strain  and  small  strain  formulations,  were  performed  by  a 
displacement-based  finite  element  code  PlasFEM. 

9. 1  Mixed  Element 
The  type  of  elements  used  for  consolidation  simulation  greatly  affects  the 
accuracy  of  the  solution.  It  was  found  that  only  a  few  combinations  of  interpolation 
functions  were  capable  of  providing  accurate  solutions  without  incurring  problems  such 
as  spurious  pressure  modes,  mesh  locking  or  poor  convergence  rate.  The  accepted  test  on 
the  stability  and  convergence  of  a  particular  element  is  the  Babuska-Brezzi  [84,  85] 
condition.  Hughes  [86]  has  proposed  an  approximate  method,  based  on  the  constraint 
ratio.  He  compares  the  number  of  equations  provided  by  the  displacement  unknowns  to 
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the  number  of  incompressibility  constraints.  If  the  ratio  is  close  to  unity,  the  element  has 
a  tendency  to  lock  and  will  perform  poorly  under  incompressible  conditions. 


O  displacement  +  pore  pressure  node 
•  displacement  node 

Figure  9. 1  D9P4  mixed  element 


For  the  two-dimensional  problems  with  mixed  displacement/pressure,  the  D9P4 
element  (biquadratic  9-node  displacement  interpolation  with  a  bilinear  4-node  pore 
pressure  interpolation)  passes  the  Babuska-Brezzi  condition  and  has  a  high  constraint 
ratio.  Consequently,  D9P4  mixed  elements,  as  shown  in  Figure  9.1,  were  employed  for 
all  finite  element  meshes  used  in  Chapters  9  and  10. 


9.2  One-dimensional  Hyperelastic  Consolidation 
A  stress-free  hyperelastic  porous  solid  skeleton  is  considered  for  one-dimensional 
consolidation  example.  The  free  energy  function  Y  for  linear  elasticity  is  given  in  (5.38). 


99 


The  assumed  values  of  the  material  parameters  are  X  =  57.7  kPa,  u,  =  38.5  kPa  (equivalent 
to  a  Young's  modulus  E  =  [i(3X  +  2u)  /  (X  +  u,)  =  100  kPa  and  a  Poison's  ratio  v  =  0.5A,  / 
(X  +  \x)  =  0.3),  and  constrained  modulus  D  =  X,  +  2u,  =  134.7  kPa. 

The  FE  mesh,  represented  by  a  column  of  10  D9P4  axisymmetric  elements,  is 
shown  in  Figure  9.2.  The  bottom  base  of  the  mesh  is  impervious  and  fixed  with  respect  to 
vertical  displacements.  Free  drainage  (i.e.,  zero  excess  pore  pressure)  is  allowed  on  top. 
The  vertical  permeability  is  assumed  to  have  a  value  kv  =  8.46X10"4  m/day  and  the  unit 


X2 
A 


P 


Ho  =  5  m 


w  A- 


z,Z 


H-lm-H 


x2 

n 


\  hydrostatic    \  isochrone 
\  at  t  =  0  \  at  t  =  0 


50 


140 


9,  kPa 


Figure  9.2  FE  mesh  and  initial  pore  water  pressures  for  one-dimensional 
consolidation  problem 
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weight  of  water  pwg  =10  kN/m3.  The  coefficient  of  consolidation  can  be  calculated  as  Cv 
=  kvD/(pwg)  =  1. 14x  10*2  m2/day.  Normalized  time  factor  is  calculated  as  T  =  Cvt  /  Ho2, 
where  Ho  is  the  initial  thickness  of  the  soil  column.  During  the  consolidation  stage,  time 
steps  are  increased  according  to  the  equation  Atn+i  =  1.5  Atn.  This  results  in  nearly  equally 
spaced  data  points  when  the  time  history  responses  are  plotted  on  a  logarithmic  time  axis. 
Excess  pore  pressures  are  generated  by  applying  a  vertical  downward  Cauchy  step  load 
of  Aq  (Cauchy)  =  90  kPa  at  the  top  of  the  soil  column. 


0.1 


1      10     100    1000   10000 

Time,  days 

Borja  et  al.  (1998)  ▲     Large  Strain  (PlasFEM) 

■  Terzaghi  Solution  ■      Small  Strain  (PlasFEM) 


Figure  9.3  One-dimensional  hyperelastic  consolidation:  variation  of  total  potential 
with  time 


Figure  9.3  shows  a  comparison  of  the  variations  with  respect  to  time  of  the  fluid 
potential  n  =  ll0  +  ne  =  0/  (Jpwg)  +  x2  at  a  Gauss  Point  A  near  the  impervious  base. 
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Point  A  is  initially  situated  at  a  distance  of  the  4.894  m  from  the  top  of  the  undeformed 
soil  column.  Here  the  potential  II  takes  the  physical  meaning  of  being  the  total  hydraulic 
head  at  this  particular  Gauss  point.  PlasFEM  prediction  of  small  strain  formulation 
matched  quite  well  with  the  analytical  solution  from  the  one-dimensional  linear 
consolidation  model  of  Terzaghi.  Prior  to  consolidation,  the  fluid  potentials  for  the  small 
strain  and  the  large  strain  models  are  the  same  and  are  14  m,  9  m  of  which  is  the  transient 
part  produced  by  the  90  kPa  imposed  vertical  load.  Figure  9.3  shows  that  the  fluid 
potential  predicted  by  the  Terzaghi  solution  decays  to  the  initial  steady  state  value  of 
j-j(smaii)  =  5  m  sjnce  the  height  the  soil  column  remains  essentially  the  same  at  5  m  due  to 
the  small  strain  assumption.  The  large  strain  solution  however  approaches  a  steady-state 
value  of  n(large)  =  3.24  m  representing  the  final  compressed  height  of  the  soil  column.  The 
large  strain  prediction  is  compared  with  the  same  reported  in  [87];  both  the  predictions 
are  in  exact  match  (see  Figure  9.3). 

The  validity  of  the  large  strain  solution  can  be  checked  by  simple  manual 
calculations  (see  Section  A.24).  The  Jacobian  J  at  the  steady-state  condition  is  calculated 
as  0.6484,  which  is  the  ratio  of  the  final  to  initial  column  heights  for  the  case  of  one- 
dimensional  compression.  Thus,  J  =  0.6484  =  3.24/5,  and  is  constant  throughout  the 
height  of  the  soil  column.  The  final  Kirchhoff  effective  vertical  stress  is  equal  to 
Aq(Kirchhoff)  =  JAq(Cauchy)  =  5g  35  ^  which  is  alsQ  distributed  uniformly  throughout  the 

height  of  the  soil  column  at  steady-state  condition. 

Figure  9.4  shows  the  isochrones  of  Cauchy  pore  pressures  plotted  for  different 
values  of  equivalent  time  factor  T.  Cauchy  pore  pressures  were  calculated  as  0(Caud,y)  = 
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0(Kirchhoff)/j  at  t^e  Qauss  p0ints  Kirchhoff  pore  pressures  at  Gauss  points  were 
interpolated  from  the  global  solution  of  nodal  values.  Note  that  isochrones  predicted  by 
the  large  strain  model  move  spatially  as  a  result  of  the  large  deformation  effect.  For 
comparison  purposes,  the  isochrones  computed  from  the  Terzaghi  model  are  also  plotted 


Terzaghi  Solution 


Large  Strain 


E 

X 


1 1 

100  50  0  50  100        150 

Cauchy  Pore  Pressure,  kPa 

-*-T  =  0.003  -*-T  =  0.018  -a-T  =  0.216  -*-T  =  3.702 

Figure  9.4  One-dimensional  hyperelastic  consolidation:  isochrones  of  constant 
Cauchy  pore  pressure 


in  Figure  9.4  for  the  small  strain  formulation.  The  explicit  expression  of  excess  Cauchy 
pore  pressure  for  one-dimensional  small  strain  consolidation  is  given  by  [88] 


e' 


m_00  «fie(Cauchy)  /  v 

(Cauchy)  =     z    ^o sin(MZ)  exp(-M2T);        M  =  -(2m  +  l),  (9.1) 

m-^n  M  2 


m=0 
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where  Z  =  z  /  Ho  is  normalized  depth,  6q  ■*'  is  initial  excess  pore  pressure  at  t  =  0. 

Z  and  z  are  measured  from  the  top  of  the  consolidating  stratum  (see  Figure  9.2). 

Finally,  the  variation  of  average  degree  of  consolidation  U  with  respect  to  time 
factor  T  is  compared  in  Figure  9.5  for  large  and  small  strain  formulations.  The  analytical 
expression  for  U  for  one-dimensional  small  strain  consolidation,  based  on  Terzaghi's 
linear  consolidation  model  [30],  is  given  by  [88] 


2         (  \ 

U  =  l-   X  — -exp^-M2TJ; 


m 


=0M' 
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M  =  -(2m  +  l). 


(9.2) 


0.00 

c 
o 

'"§  0.20 


g  0.40 
o 

o 

o  0.60 

0) 

2> 

^0.80 


?1.00 
< 


0.00001 


0.001  0.1 

Time  Factor 

a—  Large  Strain  (PLasFEM) Terzaghi  Solution 

■    Small  Strain  (PlasFEM) 


10 


Figure  9.5  One-dimensional  hyperelastic  consolidation:  variation  of 
average  degree  of  consolidation  with  time  factor 
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U(T)  for  FEM  solutions  is  plotted  as  the  ratio  of  settlement  at  time  T  to  the  ultimate 
settlement  at  the  end  of  consolidation.  The  small  strain  solution  predicts  a  slower  rate  of 
consolidation  than  the  large  strain  solution  because  the  latter  solution  considers  the 
reduction  in  length  of  the  drainage  path,  which  enhances  the  dissipation  of  excess  pore 
pressure.  Reduction  of  coefficient  of  permeability  of  the  soil  as  it  consolidates  could  have 
offset  this  effect,  but  this  factor  is  not  taken  into  account  in  this  example. 

9.3  Plane  Strain  Hyperelastic  Consolidation 
Closed-form  solutions  are  available  for  the  problem  of  plane  strain,  small 
deformation  consolidation  of  an  elastic  half-space  subjected  to  a  uniform  strip  load.  This 
problem  may  be  simulated  with  a  numerical  algorithm  for  the  case  of  small  strain 
formulations  and  solutions  compared.  An  attempt  was  made  to  replicate  these  solutions 
numerically  and  demonstrate  the  significance  of  the  large  strain  effects  on  the  response  of 
a  consolidating  hyperelastic  soil  medium  deforming  in  plane  strain. 

Figure  9.6  shows  the  finite  element  mesh  used  for  the  two-dimensional  plane- 
strain  problem.  The  problem  consists  of  a  strip  load  of  half- width  a  =  5  m  applied  over  a 
hyperelastic  soil  layer  20  m  thick.  The  mesh  is  composed  of  132  D9P4  elements  with  575 
displacement  nodes  and  156  pore  pressure  nodes.  The  bottom  of  the  clay  layer  is  assumed 
rigid  against  vertical  displacement,  perfectly  draining,  and  subjected  to  a  constant  value 
of  total  potential  equal  to  U  =  20.0  m.  The  material  parameters  are  X  =  0  and  \i  =  250  kPa 
(corresponding  to  a  Young's  modulus  E  =  500  kPa  and  a  Poisson's  ratio  v  =  0).  A  strip 
load  of  Aq  (Cauchy)  =  120  kPa  is  applied  nearly  instantaneously  (At  =  10  days,  which  is 
negligible  compared  to  the  t  =  10000  days  required  to  reach  complete  consolidation)  at 
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Figure  9.6  FE  mesh  for  plane  strain  hyperelastic  consolidation  example 


the  ground  surface,  and  is  then  held  constant  while  the  soil  undergoes  consolidation. 
Permeabilities  are  k  =  kn  =  k22  =  8.64X10"4  m/day,  and  ki2  =  k2i  =  0;  fluid  mass  density  is 
pw  =  1.0  Mg/m  .  The  soil  elements  are  assumed  to  be  initially  stress-free. 

Figure  9.7  shows  the  closed-form  solution  for  the  time-variation  of  the  centerline 
excess  pore  pressure  at  depth  z  =  a  beneath  the  strip  load  on  a  semi-infinite  elastic  half 
space  [89].  Along  with  this  solution  are  the  predictions  of  the  numerical  model.  For 
convenience,  the  excess  pore  pressures  have  been  normalized  with  respect  to  the  strip 
load  intensity  Aq  according  to  the  expression  (9  -  9o)  /  Aq,  where  9o  is  the  reference 
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hydrostatic  Cauchy  pore  pressure.  The  point  corresponding  to  z  =  a  in  the  mesh  of  Figure 
9.6  is  node  A,  which  is  situated  at  a  depth  of  5  m  from  the  base  of  the  embankment.  The 
small  strain  FE  solution  readily  provides  the  time  variation  of  the  pore  pressure  at  this 
point,  since  node  A  is  a  pore  pressure  node.  However,  the  large  strain  model  needs  the 
values  of  the  Jacobian  to  determine  the  Cauchy  pore  pressures,  which  are  not  readily 
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Schiffmanetal.  (1967)  — ♦ — Small  Strain  (PlasFEM) 

Figure  9.7  Plane  strain  hyperelastic  consolidation:  variation  of  centerline  excess  pore 
pressure  at  depth  z  =  a  with  time 


available  at  the  nodal  points.  The  nearest  Gauss  point  to  node  A  is  chosen  to  assess  the 
accuracy  of  the  numerical  model.  For  consistency  in  presentation,  both  the  small  strain 
and  large  strain  FE  solutions  are  evaluated  at  Gauss  point  B  located  at  horizontal  and 
vertical  distances  of  0.21  lm  from  node  A,  see  Figure  9.6.  A  normalized  time  factor,  T  = 
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ct  /  a2,  where  c  =  2|ik  /  (pwg)  and  t  is  elapsed  time  since  the  beginning  of  the 
consolidation,  is  used  to  describe  the  solutions  in  the  time  domain.  Large  strain  prediction 
matched  well  with  the  results  of  [87]. 

A  comparison  of  the  curves  shown  in  Figure  9.7  suggests  that  higher  pore 
pressures  are  induced  in  the  large  strain  case  by  the  sudden  application  of  the  external 
load  at  the  early  stage  of  the  consolidation  process.  Thereafter  the  dissipation  occurs  at 
almost  the  same  rate  up  to  a  time  factor  T  «  5.0,  when  the  large  strain  solution  stabilizes 
while  the  small  strain  solution  is  still  decreasing.  Note  that  the  large  strain  solution 
asymptotically  approaches  a  nonzero  excess  pore  pressure  since  the  final  steady-state 
pore  pressure  is  numerically  different  from  the  initially  hydrostatic  pore  pressure  due  to 
variation  in  the  geometric  configuration  of  the  problem.  As  expected,  the  small  strain  FE 
solution  agrees  better  with  the  closed-form  solution,  but  is  not  identical  because  of  the 
limitation  of  the  FE  model  in  representing  a  half  space  and  because  of  the  use  of  a  finite 
time  increment  to  impose  the  strip  load,  among  other  factors.  Both  the  closed-form  and 
FE  solutions  exhibit  the  Mandel-Cryer  effect,  or  the  initial  increase  in  excess  pore 
pressure,  which  is  a  characteristic  feature  of  the  coupled  solution  [60]. 

Figure  9.8  shows  the  isochrones  of  constant  Cauchy  pore  pressures  predicted  by 
the  small  and  large  strain  models  along  the  vertical  line  Xi  =  0.21 1  m  beneath  the  strip 
load.  This  line  is  defined  by  the  column  of  Gauss  points  closest  to  the  axis  of  symmetry. 
Note  that  the  large  strain  solution  predicts  a  steady-state  isochrone  defined  by  a  nearly 
straight  line  with  an  apparent  slope  equivalent  to  a  fluid  with  mass  density  of  about  1.23 
Mg/m  ,  which  is  greater  than  the  assumed  fluid  density  of  1.0  Mg/m  .  This  is  a  result  of 
local  artesian  condition  characterized  by  steady-state  upward  seepage  created  by  the 
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Figure  9.8  Plane  strain  hyperelastic  consolidation:  isochrones  of  constant  Cauchy  pore 
pressure 


reduction  in  thickness  of  the  consolidating  layer,  as  the  top  and  bottom  drainage 
boundary  conditions  remain  unchanged.  The  Cauchy  pore  pressure  at  the  bottom 
boundary  converges  toward  a  steady-state  value  that  is  slightly  higher  than  the  initial 
value.  This  is  a  consequence  of  prescribing  the  essential  boundary  condition  in  the  form 
of  KirchhofF pore  pressure,  which  is  amplified  by  the  inverse  of  Jacobian  that  is  less  than 
unity  due  to  volumetric  compression  of  the  soil. 


CHAPTER  10 
POLK  COUNTY  EXPRESSWAY 


The  Polk  County  Expressway  is  a  multi-lane  toll  expressway  constructed  around 
Lakeland,  Florida.  The  length  of  the  expressway  is  about  39.4  km  (24.5  miles).  Major 
parts  of  the  road  construction  crossed  land  areas  that  had  retention  ponds  of  phosphatic 
waste  clay,  deposited  approximately  40  years  ago  as  slurry  from  the  phosphate 
beneficiation  process.  This  chapter  discusses  the  numerical  predictions  using  finite 
element  analysis  of  both  primary  (consolidation  and  swell)  and  secondary  (creep) 
consolidation  settlement  of  the  phosphatic  waste  clay  found  in  the  construction  site,  in  the 
presence  of  vertical  wick  drains  and  subject  to  surcharge  loading,  unloading  and 
subsequent  reloading  (i.e.,  road  construction). 

Two  different  constitutive  relations,  hyperelastic-plastic  MCC  and  hyperelastic- 
viscoplastic  MCC  models,  are  used  for  prediction  of  nonlinear  responses  of  the  soil 
skeleton  of  the  phosphatic  waste  clay.  The  first  addresses  inviscid  (time-independent) 
plasticity,  i.e.,  for  a  given  effective  stress,  deformation  of  the  soil  skeleton  is  constant 
over  time.  This  is  evident  in  Figures  10. 18  to  10.20  where  settlement  reaches  an 
equilibrium  state  once  the  excess  pore  pressure  due  to  preloading  has  dissipated  and  the 
clay  deposits  have  attained  static  effective  stresses.  The  second  model  simulates  the 
secondary  compression  response  of  the  clay.  Secondary  compression  (or  creep 
settlement)  continues  even  after  the  excess  pore  pressures  have  significantly  dissipated 
(see  Figures  10.23  to  10.25)  since  the  stress-deformation  response  of  the  clay  skeleton  is 
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usually  time-dependent,  i.e.,  clay  deposits  under  sustained  effective  stress  undergo  a  slow 
rate  of  compression  over  a  long  period  of  time. 

In  the  case  of  very  thin  specimens  such  as  those  used  in  laboratory  consolidation 
tests,  compression  usually  occurs  in  two  distinct  phases  (see  Figure  C.l):  an 
instantaneous  primary  consolidation  and  a  delayed  secondary  compression.  For 
specimens  of  finite  thickness,  e.g.,  retention  ponds  of  phosphatic  waste  clay,  the 
instantaneous  and  delayed  effects  are  both  present  during  the  primary  consolidation 
phase.  Secondary  compression  becomes  predominant  after  dissipation  of  most  of  the 
excess  pore  pressures. 

101  Phosphatic  Waste  Clay 

Phosphate,  the  primary  source  of  phosphorous  in  inorganic  fertilizers,  is  obtained 
from  mining.  The  matrix  of  the  excavated  material  is  typically  composed  of  1/3 
phosphate,  1/3  granular  materials  (sand),  and  1/3  clays  (montmorillonite,  illite,  and 
kaolinite)  [90].  The  beneficiation  process  converts  the  matrix  to  a  dilute  solution  from 
which  the  phosphate  is  skimmed,  and  the  granular  material  screened,  leaving  a  dilute  clay 
slurry  for  disposal. 

Initially,  the  slurry  (at  the  construction  site  of  the  Expressway)  was  introduced  to 
mine  cuts  with  a  solid  content  of  about  5%.  Over  the  years  the  clay  deposits  underwent 
self-weight  consolidation  rendering  higher  solid  content.  At  the  time  of  the  expressway 
construction  the  solid  contents  were  in  the  range  of  33%  to  50%  and  the  natural  moisture 
contents  were  in  the  range  of  100%  to  200%. 
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Crucial  to  numerical  simulations  is  the  obtaining  of  representative  material 
properties  for  use  in  the  proposed  constitutive  models  (Chapters  5  and  6).  Studies  of  soil 
characteristics,  both  field  and  laboratory,  performed  by  PSI  (a  geotechnical  consulting 
firm),  FDOT's  Materials  Office  and  the  University  of  Florida's  Geotechnical  Centrifuge 
Laboratory  were  utilized  for  this  purpose.  A  brief  summary  of  soil  characteristics  data, 
obtained  from  different  sources,  is  presented  in  the  following. 

Soil  characterization  conducted  by  PSI  in  1995  classified  the  phosphatic  waste 
clay  as  very  soft  with  SPT  blow  counts  typically  ranging  from  2  to  4.  The  average  depths 
of  the  slime  deposits  were  on  the  order  of  7.6  m  (25  feet)  and  were  underlain  by 
undisturbed  soils.  In  some  cases  slime  deposits  were  close  to  the  existing  ground  surface, 
but  in  several  cases  they  were  overlain  by  0.9  to  2. 1  m  (3  to  7  feet)  of  very  loose  to  loose 
clayey  sand  spoils  which  were  knocked  over  from  spoil  mounds  during  reclamation. 
Hard,  indurated  clay/silts  were  found  at  depth  ranging  from  9.1  to  13.7  m  (30  to  45  feet). 
PSI  concluded  the  following  soil  properties  from  both  insitu  and  laboratory  tests.  The  unit 
weight  was  in  the  order  of  1 1.80  to  13.36  kN/m3.  The  field  vane  shear  strength  in  the  area 
of  interest  varied  from  12.3  to  22.3  kPa.  The  tri-axial  undrained  shear  strength  varied 
from  4.8  to  27.6  kPa.  Wide  variation  was  noticed  in  the  field  vane  and  tri-axial  shear 
strengths  depending  on  the  site  or  location  of  the  soil  specimens.  Series  of  laboratory 
consolidation  tests  were  conducted  by  PSI  at  two  different  stages:  initially  at  the 
reconnaissance  stage  and  later  after  the  placement  of  the  surcharge  loading.  Summaries 
of  these  test  results  are  presented  in  Tables  10.1  and  10.2  and  corresponding  SPT  boring 
logs  are  shown  in  Figures  10.1  and  10.2,  respectively. 
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4  Light  gray  to  orangish-brown  indurated  clay/silt,  trace  phosphates,  (A-4),  (A-7-6) 

5  Light  gray  limestone 

6  Light  greenish-gray  to  brown  phosphatic  clay  slime,  (A-7) 

7  Brown  to  greenish-gray  sandy  clay,  (A-6),  (A-7-5),  (A-7-6) 


Figure  10.1  SPT  boring  logs  for  tests  reported  in  Table  10.1  (Source:  PSI) 
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Figure  10.2  SPT  boring  logs  for  tests  reported  in  Table  10.2  (Source:  PSI) 
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Table  10.1  Summary  of  laboratory  consolidation  test  results  (initial  exploration) 


Test 
Date 

Boring 
No. 

Station 
No. 

Offset 

Depth  of 

Shelby 

Tube 

Initial 
Void 
Ratio 

Cc 

Cs 

Precon. 

Pressure 

(tsf) 

07/28/92 

TB-5-67 

742+00 

131'R 

10' -12' 

2.09 

0.82 

0.07 

0.83 

07/28/92 

TB-5-71 

746+00 

133'R 

10' -12' 

5.93 

2.93 

0.25 

0.41 

07/28/92 

TB-5-93 

774+00 

155'R 

10' -12' 

7.67 

3.76 

1.00 

0.30 

07/28/92 

TB-5-96 

778+00 

158' R 

10' -12' 

5.50 

2.90 

0.41 

0.26 

Table  10.2  Summary  of  laboratory  consolidation  test  results  (later  exploration) 


Test 
Date 

Boring 

No. 

Station 

No. 

Offset 

Depth  of 
Sample 

Initial 
Void 
Ratio 

Cc 

Cs 

Precon. 

Pressure 

(tsf) 

08/01/97 

BH-1A 

1744+80 

60' R 

36'0" 

2.38 

0.95 

0.215 

1.48 

08/25/97 

BH-2 

1774+40 

100' L 

38'0" 

3.40 

1.51 

0.36 

1.47 

07/31/97 

BH-3 

1775+10 

100' R 

36'0" 

2.97 

1.33 

0.37 

1.68 

08/14/97 

BH-4(1) 

1779+50 

80' L 

36'0" 

3.46 

4.01 

0.25 

1.13 

08/01/97 

BH-4(2) 

1779+50 

80' L 

40'0" 

3.41 

1.55 

0.462 

1.05 

The  station  numbers  reported  in  Table  10.1  are  survey  baseline  stations  which 
were  numbered  differently  from  construction  stations  of  Table  10.2.  Survey  baseline 
stations  742+00  to  778+00  are  the  same  as  construction  centerline  stations  1742+00  to 
1778+00. 

The  centrifuge  tests  performed  at  the  University  of  Florida  revealed  that  the  clays 
would  not  clog  as  a  result  of  the  consolidation  process  (i.e.,  sealing  the  drainage 
boundary).  The  following  parameters  were  determined  from  centrifuge  and  laboratory 
tests  [91]  on  recovered  clay  samples. 

The  Atterberg  limits  of  the  slime  were  as  follows: 

Liquid  limit  (LL):  215% 
Plastic  limit  (PL):  67.15% 
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Plasticity  index  (PI):  148.85% 
Water  contents,  determined  before  each  individual  test,  were  in  the  order  of  190%  to 
205%.  Solid  contents  for  the  recovered  samples  were  consistently  in  the  order  of  33%. 
The  specific  gravity  was  estimated  as  2.70.  This  is  recognized  as  a  reasonable  value  for 
phosphatic  clays  [92].  Void  ratios,  determined  prior  to  each  test,  typically  ranged  from  4 
to  5.5.  A  series  of  CRS  (constant  rate  of  strain)  consolidation  tests  was  performed  to 
study  correlations  among  void  ratio,  effective  stress,  coefficient  of  permeability, 
coefficient  of  consolidation,  etc.  Figure  10.3  and  10.4  present  variations  of  coefficient  of 
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Figure  10.3  Permeability  versus  void  ratio  plot  from  CRS  consolidation  test 


permeability  and  average  effective  stress  with  void  ratio,  respectively.  See  [91]  for  study 
of  the  other  test  results. 


4.50 


4.00 


3.50 


•     3.00 


<2     2.50 

■g 

'o 

>     2.00 


1.50 


1.00 


0.50 


0.10 


116 


CRS-test,  Polk  County  Parkway 
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Figure  10.4  Void  ratio  versus  effective  stress  plot  from  CRS  consolidation  test 


10.2  Wick  Drain  and  Instrumentation 
To  facilitate  faster  consolidation,  an  embankment  acting  as  surcharge  of  4.6  to  7.6 
m  (15  to  25  ft)  of  sand  was  placed  on  top  of  the  existing  ground  surface  of  the  slime 
deposit  area.  The  surcharge  load  was  aided  by  vertical  wick  drains,  approximately  30,000 
in  number,  installed  in  a  triangular  pattern  with  side  lengths  of  1.52  m.  Figure  10.5  shows 
a  plan  of  the  wick  drain  installation.  The  wick  drains,  consisted  of  a  polypropylene  core 
of  fluted  configuration,  designed  for  flexibility  and  maximum  water  flow.  The 
permeability  of  the  geotextile  membrane  surrounding  the  plastic  core  was  1.48x10' 
m/day.  A  schematic  of  the  consolidation  process  through  the  wick  drains  is  shown  in 
Figure  10.6. 
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Figure  10.5  Plan  of  wick  drain  installation 
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Figure  10.6  Principle  of  consolidation  with  wick  drains 


Surcharge  Area  No.  1  (station  1727  to  1746)  and  Surcharge  Area  No.  2  (station 
1768  to  1782)  of  the  Polk  County  Expressway,  Section  5,  were  instrumented  by  Atlanta 
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Testing  &  Engineering  (a  geotechnical  consulting  firm)  for  monitoring  field  settlements 
and  pore  pressures.  Figures  10.7  and  10.8  show  the  instrumentation  plans. 
Instrumentation  included  settlement  plates,  pneumatic  settlement  cells,  piezometers,  and 
vertical  inclinometers.  Monitoring  was  carried  out  over  a  period  of  approximately  700 
days  from  the  beginning  of  embankment  placement.  Field  observation  data  were 
subsequently  compared  with  numerical  prediction  as  presented  in  the  following. 

10.3  Constitutive  Model  Parameters 
Due  to  nonlinear  elasticity,  estimation  of  appropriate  elastic  moduli  parameters 

such  as  no,  a,  po,  ev0  is  crucial  for  using  the  constitutive  models  discussed  in  Chapters  5 

and  6.  For  this  purpose,  laboratory  one-dimensional  consolidation  (oedometer)  tests  were 
simulated  to  obtain  the  constitutive  model  parameters  for  primary  and  secondary 
consolidation.  The  hyperelastic-plastic  MCC  model  was  used  for  the  prediction  of 
primary  consolidation  only  while  the  hyperelastic-viscoplastic  MCC  model  was  used  to 
predict  both  primary  and  secondary  consolidation.  A  FE  mesh  for  the  oedometer  cell 
(radius  3.18  cm,  height  2.54  cm),  composed  of  2x2  D9P4  axisymmetric  elements,  is 
shown  in  Figure  10.11. 

Figures  10.12  and  10.13  present  the  predictions  and  measurements  of  laboratory 
void  ratio  vs.  log  (applied  pressure)  response  for  large  and  small  strain  primary 


i  19 


i.  OH  V3UV 


1/-1 

c 

o 

•V* 

■M 

O 

<D 

Gfl 

r. 

>% 

03 

£ 

C/3 

C/0 

(U 

S- 

Ui 

X 

w 

>> 

-4— J 

§ 

o 

U 

M 

O 

eu 

<4-l 

o 

«— 1 

6 

'bO 

03 

H 

03 

'(-I 

g 

l> 

bO 

'5b 

H 

c 

03 

W 

o 

H 

«« 

3 

hn 

1/3 

c 

'-4— I 

03 

(/3 
0) 

"Ee- 

0 

03 
-t— > 

o 

c 

%—> 

ea 

03 

0 

< 

<L> 

S 

hi 

o 

— 
3 

2 

c« 

o 

a 

</> 

r- 

o 

l-H 

<u 

H 

3 

t* 

i  on  V3uv  aoBvtoane  woaa 


120 


</-) 


o 

-<-> 

o 

u 

t>0 

^ 

>* 

ed 

£ 

</5 

c« 

0> 

lH 

Oh 

X 

W 

>> 

-£ 

§ 

o 

U 

^ 

*o 

Ph 

tM 

o 

(N 

d 

/^^ 

c 

50 

« 

.3 

(U 

»* 

H 

<u 

cd 

0) 

0) 

.s 

00 

00 

ed 

C5 

43 

W 

o 

H 

3 

^ 

Cfl 

00 

a 

c 

+-> 

03 

C/3 

"H.E- 

c 

CO 

_o 

c 

-4— 1 

jd 

CO 

< 

<L> 

a 

O 

3 

Cfl 

O 

£ 

oo 

00 

d 

(X, 


z -^n  vauv  aoawouns 


121 


o 

G 

a 

l-H 

03 

<L> 
GO 

— 
03 

o 

— 


T3 

C 

o 
a, 

£ 


o 

■li 

<D      .  . 

o 


o 

u 

On 
© 


■— 
o 

GO 


122 


6 

c 

DA 

o 


C 
O 

Oh 

s 


o 

Is 

<D      .  . 

O 
M 


U  Q 


1 

DX) 


123 
Load 


& 

c 

k 

A 

Figure  10. 1 1  FE  mesh  for  oedometer  cell 
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Figure  10.12  Large  strain,  hyperelastic-plastic  simulation  of  laboratory  consolidation  tests 
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consolidation,  respectively.  Table  10.2  contains  a  summary  of  the  laboratory 
consolidation  test  results.  Constitutive  model  parameters,  used  for  the  simulation  of 
laboratory  results,  are  presented  in  Tables  10.3  and  10.4.  For  all  the  simulations  it  was 
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Figure  10.13  Small  strain,  hyperelastic-plastic  simulation  of  laboratory  consolidation  tests 


assumed  that  the  critical  state  slope  M  =1.0,  ev0  =  0.0,  saturated  unit  weight  of  clay  Ysat  = 

12.58  kN/m3.  The  permeability  coefficient  k  was  assumed  to  have  a  constant  value  of 
6.9xl0"5  m/day.  See  Figure  10.3  for  estimation  of  permeability  coefficient. 
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Preconsolidation  pressures  pco  (see  Table  10.2)  were  obtained  from  the  laboratory  test 
plots  using  the  Casagrande  construction  method. 

Note  that  the  MCC  model's  compressibility  parameters  X  and  k  are  different  from 
the  Cs  and  Cr  (compression  and  swell  indices,  respectively)  of  the  laboratory  test  data  (see 
Tables  10.3  and  10.4)  due  to  the  different  stress  paths.  X  and  k  are  defined  for  isotropic 
loading  while  Cs  and  Cr  are  obtained  from  the  one-dimensional  consolidation  test  (Ko 
condition  [64]).  Also  note  in  Tables  10.3  and  10.4  that  the  X  and  k  for  small  strain  were 
slightly  different  than  those  for  large  strain  in  order  to  produce  similar  stress-deformation 
responses.  Since  the  large  strain  model  updates  geometry  whereas  the  small  doesn't,  the 
stresses  which  are  function  of  geometry,  will  be  different  unless  the  stiffness  is  adjusted. 


Table  10.3  Hyperelastic-plastic  MCC  model  parameters  for  large  strain  simulation  of 
laboratory  consolidation  tests 


Boring 

No. 

Ho 

(kPa) 

a 

Po 
(kPa) 

X 

K 

Laboratory  Data 

Cc 

Cs 

BH-1A 

25.0 

1.0 

0.8 

0.22 

0.04 

0.95 

0.215 

BH-2 

25.0 

1.0 

0.6 

0.28 

0.05 

1.51 

0.36 

BH-3 

25.0 

1.0 

1.2 

0.25 

0.045 

1.33 

0.37 

BH-4(1) 

25.0 

1.0 

0.5 

0.43 

0.065 

4.01 

0.25 

Table  10.4  Hyperelastic-plastic  MCC  model  parameters  for  small  strain  simulation  of 
laboratory  consolidation  tests 


Boring 

No. 

Ho 
(kPa) 

a 

Po 
(kPa) 

X 

K 

Laboratory  Data 

Cc 

cs 

BH-1A 

25.0 

1.0 

0.8 

0.12 

0.036 

0.95 

0.215 

BH-2 

25.0 

1.0 

0.6 

0.145 

0.048 

1.51 

0.36 

BH-3 

25.0 

1.0 

1.2 

0.135 

0.045 

1.33 

0.37 

BH-4(1) 

25.0 

1.0 

0.5 

0.40 

0.065 

4.01 

0.25 
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Table  10.5  presents  material  parameters  for  the  large  and  small  strain  simulations 
of  the  laboratory  consolidation  test  that  produce  similar  stress-deformation  responses 
(Figure  10. 14).  The  X  and  k  values  in  Table  10.5  fall  within  the  range  of  values  presented 
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Figure  10.14  Hyperelastic-plastic  simulation  of  laboratory  consolidation 
test:  large  strain  versus  small  strain 


Table  10.5  Hyperelastic-plastic  MCC  model  parameters  for 
simulation  of  laboratory  consolidation  test 


Parameter 

Large  Strain 

Small  Strain 

Uo(kPa) 

25.0 

25.0 

a 

1.0 

1.0 

K 

0.06 

0.05 

X 

0.3 

0.18 

M 

1.0 

1.0 

Po  (kPa) 

1.0 

1.0 

Pco  (kPa) 

142.0 

142.0 

8vo 

0.0 

0.0 

Ysat  (kN/m3) 

12.58 

12.58 
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in  Tables  10.3  and  10.4.  As  a  result,  this  set  of  X  and  k  values  are  used  for  subsequent 
predictions  of  field  primary  consolidation  data  for  different  pond  depths. 

Figure  10.15  presents  predictions  and  measurements  of  laboratory  axial  strain  rate 
data,  primary  and  secondary  consolidation  combined,  for  the  case  of  the  large  strain 
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Figure  10.15  Large  strain,  hyperelastic-viscoplastic  simulation  of  laboratory  consolidation 
tests 
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Table  10.6  Hyperelastic-viscoplastic  MCC  model  parameters  for  large  strain  simulation 
of  laboratory  consolidation  tests 


Boring 

No. 

Ho 
(kPa) 

a 

Po 
(kPa) 

Y 

N 

X 

K 

Laboratory  Data 

Cc 

Cs 

BH-1A 

25.0 

1.0 

0.8 

7.0xl0"7 

1.5 

0.12 

0.036 

0.95 

0.215 

BH-2 

25.0 

1.0 

0.6 

7.0xl0"7 

1.8 

0.145 

0.048 

1.51 

0.36 

BH-3 

25.0 

1.0 

1.2 

7.0xl0"7 

1.5 

0.135 

0.045 

1.33 

0.37 

BH-4(2) 

25.0 

1.0 

0.5 

7.0xl0"7 

1.8 

0.40 

0.06 

1.55 

0.462 

formulation.  The  viscoplastic  constitutive  model  parameters  used  for  the  simulation  are 
presented  in  Table  10.6.  To  be  consistent  with  the  elasto-plastic  simulation,  it  was 


-5 


assumed  that  M  =1.0,  e^o  =  0.0,  Ysat  =  12.58  kN/mJ  and  k  =  6.9x10°  m/day. 

Preconsolidation  pressures  pco  were  obtained  from  laboratory  test  results  (see  Table  10.2). 

In  the  prediction  of  the  laboratory  consolidation  test  data  and  subsequently,  the 
secondary  (creep)  settlement  of  the  phosphatic  waste  clay,  the  viscous  flow  function  cp(/) 
(see  (6.4a),  (6.4b))  was  normalized  as  follows 


<p(/)  = 


f 

2Pc,n 


(10.1) 


where  pc>n  is  the  converged  preconsolidation  pressure  at  the  previous  load  step  n.  Use  of  a 
power  function  for  (p(/)  did  a  better  job  matching  the  laboratory  axial  strain  rate  profile 
than  an  exponential  function.  Tables  C.l  to  C.4  show  that  the  contribution  of  the 
secondary  settlement  to  the  total  settlement  for  a  sustained  load  increment  in  laboratory 
consolidation  tests  is  significant  (on  average  ranging  from  8%  to  15%).  In  order  to  ensure 

a  higher  contribution  of  viscoplastic  strain  e  ^ ,  the  yield  function  /  was  normalized 
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adaptively  with  pc>n  rather  than  a  constant  value  so  that  product  term  y<p(/)  of  (6.2) 
remains  small  resulting  in  a  yield  condition. 

Also  notice  that  the  compressibility  parameters  X  and  k  for  the  viscoplastic  model 
are  slightly  lower,  thus  resulting  in  a  higher  hardening  modulus  0  =  \/(k  -  k)  (see 
(5.24)2),  than  in  the  elasto-plastic  model,  even  though  both  formulations  produced 
similar  stress-deformation  responses  (compare  between  Tables  10.3  and  10.6).  This 
phenomenon  can  be  explained  from  analytical  expressions  of  incremental  strain  in  the 
plastic  regime,  since  the  hyperelasticity  responses  are  identical  for  both  the  constitutive 
models.  Incremental  volumetric  plastic  strains  are  given  by  the  following  expressions  for 
the  viscoplastic  and  elasto-plastic  MCC  models,  respectively  (see  (6.3)  and  (5.29)i  for 
reference). 

As^  =AY(p(/)^  =  Aycp(/X2p-Pc).  (10.2a) 

dp 

Ae£  =  A(p^i  =  Acp(2p-pc).  (10.2b) 

dp 

For  the  same  stress  level,  i.e.,  for  a  given  value  of  p,  Aycp(/)  of  (10.2a)  is  consistently 

lower  than  Acp  of  (10.2b).  Now,  in  order  to  produce  similar  value  of  incremental 

Volumetric  plastic  Strain,  (pc)vicoplastic  <  (Pc)elasto-plastic;  (Apc/pc)vicoplastic  <  (Apc/pc)elasto-plaslic- 

Consequently,  (k  -  K)viscoPiasUc  <  (X  -  K^iasto-piastic  (see  (5.24)). 

10.4  FE  Mesh 
Due  to  the  variability  of  the  depths  of  the  clay  slime  deposit  (see  Figures  10.9  and 
10.10),  three  different  pond  depths:  2.44m,  4.57m,  and  7.62m  (8  ft,  15ft  and  25  ft),  were 
selected  for  FE  meshes.  Surcharge  area  no. 2  had  thicker  slime  deposit  ponds  then 
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surcharge  area  no.l  (compare  Figures  10.9  and  10.10).  Accordingly,  a  7.62  m  deep  pond 
was  selected  for  simulation  of  field  data  of  the  settlement  cells  located  in  surcharge  area 
no. 2.  2.44  m  and  4.57  m  deep  ponds  represented  the  slime  deposits  of  surcharge  area 
no.l.  Tables  10.7  to  10.9  list  the  settlement  cells  and  plates  (see  Figures  10.7  and  10.8  for 
their  locations)  that  were  represented  by  FE  meshes  of  different  pond  depths. 

Table  10.7  Settlement  cells/plates  represented  by  2.44  m  deep  pond 


Cell/Plate 
No. 

Station 

No. 

Offset 

Max.  Surcharge 
Height  (m) 

SC-5 

1732+50 

100' R 

7.16 

SP-23 

1729+00 

45' R 

8.20 

SP-33 

1739+00 

0 

6.37 

SP-37 

1743+50 

45' L 

6.04 

Table  10.8  Settlement  cells/plates  represented  by  4.57  m  deep  pond 


Cell/Plate 

No. 

Station 
No. 

Offset 

Max.  Surcharge 
Height  (m) 

SC-9 

1740+50 

50' R 

6.58 

SC-11 

1743+00 

70' R 

6.52 

SC-13 

1745+00 

80*  R 

6.55 

SP-36 

1742+00 

0 

6.40 

SP-38 

1743+50 

45' R 

6.52 

SP-39 

1745+00 

0 

6.55 

Table  10.9  Settlement  cells/plates  represented  by  7.62  m  deep  pond 


Cell/Plate 
No. 

Station 
No. 

Offset 

Max.  Surcharge 
Height  (m) 

SC-17 

1772+50 

130'R 

8.23 

SC-18 

1772+50 

130'L 

8.35 

SC-20 

1775+00 

120'L 

7.89 

SC-21 

1777+50 

120'L 

7.68 

SC-23 

1778+00 

100'L 

8.08 
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The  meshes,  comprised  of  axisymmetric  D9P4  elements,  are  shown  in  Figure 
10.17.  Left  vertical  boundaries  of  the  meshes  are  exposed  to  wick  drains  and  so  are 
subject  to  prescribed  hydrostatic  pore  water  pressures.  The  equivalent  diameter  of  the 
cylinder  of  soil  around  each  drain,  shown  in  Figure  10.16,  in  the  case  of  a  triangular 
installation  pattern  (see  Figure  10.5)  is  calculated  as  D  =  1.06s  =  1.61  m  [93],  where  s  is 
the  spacing  of  the  wick  drain  (  =  1.52  m).  The  equivalent  diameter  of  the  wick  drain,  de  is 
calculated  as  de  =  2(B  +  t)l%  =  6.56  cm  [93],  where  B  and  t  are  the  width  and  thickness  of 
the  wick  drains,  respectively.  B  =  10  cm,  t  =  0.3  cm  for  the  wick  drains  used  in  the  field. 
Accordingly,  the  radial  distance  of  the  left  vertical  boundaries  of  the  meshes  from  the 
axis  of  symmetry  is  3.28  cm  (equivalent  radius  of  wick  drains).  Bottom  edges  are 
assumed  to  be  rigid,  impervious  while  the  top  edges  are  subject  to  free  drainage.  Meshes 
are  subdivided  in  four  layers  of  materials  to  take  into  account  the  variability  of  material 
properties  with  depth,  e.g.,  preconsolidation  pressure,  shear  strength,  etc.  Layers  of 
elements  of  any  mesh  are  of  equal  height. 
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Pore  water 
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Figure  10.16  Schematic  of  contributive  cylinder  of  soil  surrounding 
wick  drains 
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Figure  10.17  FE  meshes  for  different  pond  depths 


10.5  Prediction  of  Primary  Consolidation 
Material  properties  used  for  the  prediction  of  primary  consolidation  are  presented 
in  Tables  10. 10  to  10. 12  for  the  different  pond  depths.  Constitutive  model  parameters 
such  as:  (io,  a,  X,  k,  po  are  obtained  from  Tables  10.3  to  10.5.  The  top  layer  of  the  meshes 
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(height  «  0.6  m)  was  assumed  to  be  slightly  overconsolidated  due  to  dessication.  As  a 
result,  |io  and  pco  have  higher  values  for  the  top  layers.  Values  of  preconsolidation 
pressure,  pco  are  estimated  from  Table  10.1.  Notice  that  Table  10.1  shows  lower  p^, 
higher  initial  void  ratio  and  higher  Cc  than  those  in  Table  10.2.  This  is  because  the  tests 
reported  in  Table  10.1  were  performed  before  the  slime  deposits  were  subjected  to 
increased  overburden  pressure  either  due  to  the  placement  of  the  surcharge  load  or 
fillings  during  the  land  reclamation  process.  Compare  the  boring  logs  in  Figures  10.1  and 
10.2.  Consequently,  pco  values  reported  in  Table  10.1  represent  true  estimates  of  the 
maximum  past  preconsolidation  pressure  of  the  slime  deposits.  For  all  the  simulations, 

both  large  and  small  strain,  it  was  assumed  that  6yo  =  0-0  and*  the  initial  value  (for  large 
strain)  of  the  saturated  unit  weight,  Ysat  =  12.58  kN/m3.  Coefficients  of  permeability  were 
assumed  to  be  constant:  kv  =  kh  =  6.9x  10"5  m/day. 


Table  10.10  Material  parameters  for  hyperelastic-plastic  consolidation 
(pond  depth  2.44  m) 


Parameter 

Layer  1 

Layer  2 

Layer  3 

Layer  4 

MkPa) 

25.0 

25.0 

25.0 

35.0 

a 

1.0 

1.0 

1.0 

1.0 

X  (large  strain) 

0.3 

0.3 

0.3 

0.3 

k  (large  strain) 

0.06 

0.06 

0.06 

0.06 

X  (small  strain) 

0.18 

0.18 

0.18 

0.18 

k  (small  strain) 

0.05 

0.05 

0.05 

0.05 

M 

1.0 

1.0 

1.0 

1.0 

Po  (kPa) 

1.2 

0.8 

0.8 

0.8 

Pco  (kPa) 

40.0 

37.5 

35.0 

40.0 
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Table  10.11  Material  parameters  for  hyperelastic-plastic  consolidation 
(pond  depth  4.57  m) 


Parameter 

Layer  1 

Layer  2 

Layer  3 

Layer  4 

Ho(kPa) 

25.0 

25.0 

25.0 

35.0 

a 

1.0 

1.0 

1.0 

1.0 

X  (large  strain) 

0.3 

0.3 

0.3 

0.3 

k  (large  strain) 

0.06 

0.06 

0.06 

0.06 

X  (small  strain) 

0.18 

0.18 

0.18 

0.18 

k  (small  strain) 

0.05 

0.05 

0.05 

0.05 

M 

1.0 

1.0 

1.0 

1.0 

po  (kPa) 

1.5 

1.0 

1.0 

1.0 

Pco  (kPa) 

50.0 

42.5 

37.5 

40.0 

Table  10.12  Material  parameters  for  hyperelastic-plastic  consolidation 
(pond  height  7.62  m) 


Parameter 

Layer  1 

Layer  2 

Layer  3 

Layer  4 

Ho(kPa) 

25.0 

25.0 

25.0 

35.0 

a 

1.0 

1.0 

1.0 

1.0 

X  (large  strain) 

0.3 

0.3 

0.3 

0.3 

k  (large  strain) 

0.06 

0.06 

0.06 

0.06 

X  (small  strain) 

0.18 

0.18 

0.18 

0.18 

k  (small  strain) 

0.05 

0.05 

0.05 

0.05 

M 

1.0 

1.0 

1.0 

1.0 

Po  (kPa) 

1.5 

1.0 

1.0 

1.0 

Pco  (kPa) 

60.0 

47.5 

37.5 

40.0 

The  surcharge  load  of  sand  was  placed  in  steps  over  approximately  305  days  and 
kept  for  about  180  days  before  unloading.  Based  on  the  existing  surface  elevation, 
surcharge  height  varied  for  locations  of  different  settlement  cells/plates.  The  maximum 
surcharge  height  (see  Tables  10.7  to  10.9)  varied  within  a  range  of  6.1  m  to  8.23  m  (20  ft 
to  27  ft);  an  average  value  of  7.32  m  (24  ft)  was  selected  for  the  numerical  simulation. 
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Unloading  of  surcharge  was  done  in  a  short  period  of  time  followed  by  reloading  due  to 
placement  of  the  pavement.  In  the  simulations,  unloading  was  assumed  completed  within 
48  days,  kept  for  32  days  before  the  placement  of  pavement.  The  roadway  construction 
period  was  estimated  to  be  48  days. 

Figures  10.18  to  10.20  present  the  small  strain  and  large  strain  primary 
consolidation  predictions  for  the  different  pond  depths.  Note  that  the  small  strain 
formulation  predicted  higher  settlement  than  the  large  strain  formulation  since  the  latter 
uses  natural  strain.  The  thicker  the  clay  deposit,  the  higher  was  the  ratio  of  small  strain 
settlement  to  large  strain  settlement  due  to  primary  consolidation.  Table  10. 13  shows  the 
comparison  of  settlements  at  the  end  of  485  days,  immediately  before  unloading. 


SETTLEMENT  DATA  FROM  POLK  COUNTY  EXPRESSWAY 
Area  1:  (04/06/96  - 11/13/97),  Pond  depth  2.44  m 
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Figure  10.18  Hyperelastic-plastic  consolidation  settlement:  pond  depth  2.44m 
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SETTLEMENT  DATA  FROM  POLK  COUNTY  EXPRESSWAY 
Area  1:  (04/10/96  - 11/13/97),  Pond  depth  4.57  m 
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Figure  10.19  Hyperelastic-plastic  consolidation  settlement:  pond  depth  4.57  m 


E 

o 

c 
a> 

E 

CO 


SETTLEMENT  DATA  FROM  POLK  COUNTY  EXPRESSWAY 
Area  2:  (04/06/96  - 11/13/97),  Pond  depth  7.62  m 


.5? 


Figure  10.20  Hyperelastic-plastic  consolidation  settlement:  pond  depth  7.62  m 
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The  small  strain  solution  predicted  a  slower  rate  of  consolidation  than  the  large 
strain  solution  because  the  latter  considered  the  reduction  in  length  of  the  drainage  path 
resulting  in  faster  excess  pore  pressure  dissipation.  Consider  the  4.57  m  pond  for  a  given 
time,  e.g.,  245  days  (see  Figure  10.19).  Even  though  the  small  strain  formulation  shows 
111.2  cm  of  settlement  versus  99.2  cm  for  the  large  strain,  the  degree  of  consolidation 
(assuming  100%  primary  consolidation  at  485  days)  for  the  small  strain  is  75.7% 
(=111.2/146.9x100)  versus  80%  (=99.2/124.1x100)  for  the  large  strain.  For  all  the  ponds, 
primary  consolidation  reached  a  steady-state  condition  at  around  700  days  followed  by 
elastic  rebound  during  unloading.  The  large  strain  formulation  did  a  good  job  predicting 
the  primary  consolidation  field  results  for  different  pond  depths. 


Table  10.13  Comparison  of  primary  consolidation  settlements  at  485  days: 
large  strain  versus  small  strain 


Pond  depth 
(m) 

Psmall  strain 

(cm) 

P large  strain 

(cm) 

Psmall  strain 
Plarge  strain 

2.44 

77.8 

70.0 

1.11 

4.57 

146.9 

124.1 

1.18 

7.62 

206.1 

155.8 

1.32 

Field  piezometer  pore  pressure  data  are  compared  with  numerical  predictions.  For 
both  the  large  and  small  strain  simulations  are  conducted.  Figure  10.21  shows  the  total 
Cauchy  pore  pressures  at  node  point  A  (see  Figure  10.17)  of  the  4.57  m  deep  pond. 
Piezometers  PT-1  and  PT-2  are  represented  by  4.57  m  deep  pond  due  to  their  location  in 
surcharge  area  no.  1.  See  Table  10.14  for  locations  of  piezometers.  For  the  large  strain 
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formulation,  total  Cauchy  pore  pressure,  0Cauchy  is  computed  as  e10"^0* /  J,  J  being  the 
Jacobian  at  the  Gauss  integration  point  closest  to  node  point  A. 

Table  10.14  Location  of  piezometers 


Piezometer 

No. 

Station 

No. 

Offset 

PT-1 

1729+00 

0' 

PT-2 

1734+50 

0' 

PT-7 

1770+00 

0' 

PT-8 

1772+00 

30' R 

PT-10 

1778+50 

60' R 

PT-11 

1780+00 

104' R 
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PORE  PRESSURE  DATA  FROM  POLK  COUNTY  EXPRESSWAY 
Area  1 :  (4/24/96  -  3/30/97),  Pond  depth  4.57  m 
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Figure  10.21  Piezometer  data  versus  prediction  of  total  Cauchy  pore  pressure: 
pond  depth  4.57  m 
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Similarly,  piezometer  data  from  PT-7,  PT-8,  PT-10  and  PT-1 1  are  compared  with 
predictions  from  the  7.62  m  deep  pond  due  to  their  locations  at  the  site  of  deeper  the 
retention  ponds,  i.e.,  surcharge  area  no.  2  (see  Tables  10.14,  10.8  and  Figure  10.10). 
Figure  10.22  presents  the  field  data  and  numerical  predictions.  Total  Cauchy  pore 
pressures  are  evaluated  at  node  point  B  of  the  7.62  m  deep  pond  (see  Figure  10. 17). 
QCauchy  js  compUtecj  following  the  same  technique  as  mentioned  above. 
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PORE  PRESSURE  DATA  FROM  POLK  COUNTY  EXPRESSWAY 
Area  2:  (4/6/96-4/6/97),  Pond  depth  7.62  m 
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Figure  10.22  Piezometer  data  versus  prediction  of  total  Cauchy  pore  pressure: 
pond  depth  7.62  m 
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QCauchy  ^.Qm  ^  sman  strain  prediction  are  higher  value  than  the  large  strain 
model;  the  ratio  increases  over  time.  This  is  due  to  the  fact  that  the  large  strain 
formulation  updates  geometry.  So,  as  the  mesh  undergoes  settlement,  the  increasingly 
shorter  drainage  path  results  in  a  faster  rate  of  excess  pore  pressure  dissipation  and  lower 
values  of  G0*1"*5'.  This  phenomenon  is  demonstrated  in  Figure  9.5  in  the  case  of  the  one- 
dimensional  example. 

10.6  Prediction  of  Secondary  Consolidation 
Secondary  compression  assists  hydrodynamic  lag  from  the  beginning  of  the 
consolidation  process  but  becomes  dominant  after  the  excess  pore  pressures  have 
substantially  dissipated.  Actually  there  must  be  small  excess  pore  pressures  during 
secondary  compression  to  cause  water  to  flow  from  the  soil.  However,  secondary 
compression  proceeds  very  slowly  and  the  velocity  of  flow  is  very  small.  Hence  the 
associated  excess  pore  pressures  are  immeasurably  small.  Secondary  compression  (or 
creep  settlement)  is  a  time-dependent  phenomenon:  the  longer  the  clay  remains  under  a 
constant  effective  stress,  the  denser  it  becomes. 

Material  parameters  used  for  the  prediction  of  viscoplastic  consolidation  (both 
primary  and  secondary)  are  presented  in  Tables  10.15  to  10.17.  Hyperelasticity  model 
parameters  such  as  Ho,  a,  po  and  viscoplasticity  parameters  such  as  y  and  N  are  obtained 
from  Table  10.6.  Higher  values  of  no  and  pco  are  used  for  the  top  layer  of  elements  (layer 
no. 4  in  Figure  10. 17)  assuming  slight  overconsolidation  of  the  top  layer.  To  be 
consistent,  same  variations  of  Ho  and  pco  as  in  Tables  10. 10  to  10. 12  are  used  for  the 
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prediction  of  secondary  consolidation.  For  all  the  ponds,  it  was  assumed  that  Zyo=  0.0 
and  the  initial  value  of  Ysat  =  12.58  kN/m  .  Coefficients  of  permeability,  kv  and  kh  are 
assumed  to  have  a  constant  value  of  6.9xl0"5  m/day  (an  average  value  taken  from 
laboratory  test  result,  see  Figure  10.3).  Figures  10.23  to  10.25  present  the  large  strain 
predictions  of  hyperelastic-viscoplastic  consolidation  for  the  different  pond  depths. 


Table  10.15  Material  parameters  for  large  strain,  hyperelastic-viscoplastic  consolidation 
(pond  depth  2.44  m) 


Parameter 

Layer  1 

Layer  2 

Layer  3 

Layer  4 

uo(kPa) 

25.0 

25.0 

25.0 

35.0 

a 

1.0 

1.0 

1.0 

1.0 

X 

0.3 

0.3 

0.3 

0.3 

K 

0.05 

0.05 

0.05 

0.05 

M 

1.0 

1.0 

1.0 

1.0 

Po  (kPa) 

1.2 

0.8 

0.8 

0.8 

Pco  (kPa) 

40.0 

37.5 

35.0 

40.0 

Y 

7.0xl0*7 

7.0xl0"7 

7.0xl0"7 

7.0xl0"7 

N 

1.5 

1.5 

1.5 

1.5 

Table  10.16  Material  parameters  for  large  strain,  hyperelastic-viscoplastic  consolidation 
(pond  height  4.57  m) 


Parameter 

Layer  1 

Layer  2 

Layer  3 

Layer  4 

lio(kPa) 

25.0 

25.0 

25.0 

35.0 

a 

1.0 

1.0 

1.0 

1.0 

X 

0.3 

0.3 

0.3 

0.3 

K 

0.05 

0.05 

0.05 

0.05 

M 

1.0 

1.0 

1.0 

1.0 

Po  (kPa) 

1.5 

1.0 

1.0 

1.0 

Pco  (kPa) 

50.0 

42.5 

37.5 

40.0 

Y 

7.0xl0"7 

7.0xl0"7 

7.0xl0-7 

7.0xl0-7 

N 

1.5 

1.5 

1.5 

1.5 

142 


Table  10.17  Material  parameters  for  large  strain,  hyperelastic-viscoplastic  consolidation 
(pond  height  7.62  m) 


Parameter 

Layer  1 

Layer  2 

Layer  3 

Layer  4 

MkPa) 

25.0 

25.0 

25.0 

35.0 

a 

1.0 

1.0 

1.0 

1.0 

X 

0.3 

0.3 

0.3 

0.3 

K 

0.05 

0.05 

0.05 

0.05 

M 

1.0 

1.0 

1.0 

1.0 

Po  (kPa) 

1.5 

1.0 

1.0 

1.0 

Pco  (kPa) 

60.0 

47.5 

37.5 

40.0 

Y 

7.0xl0"7 

7.0xl0'7 

7.0xl0'7 

7.0xl0"7 

N 

1.5 

1.5 

1.5 

1.5 

c 
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SETTLEMENT  DATA  FROM  POLK  COUNTY  EXPRESSWAY 
Area  2:  (04/06/96  - 11/13/97),  Pond  Height  2.44  m 
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Figure  10.23  Hyperelastic-viscoplastic  consolidation  settlement:  pond  depth  2.44  m 
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SETTLEMENT  DATA  FROM  POLK  COUNTY  EXPRESSWAY 
Area  1:  (04/10/96  - 11/13/97),  Pond  Height  4.57  m 
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Fieure  10.24  Hvoerelastic-viscoolastic  consolidation  settlement:  Dond  death  4.57  m 
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SETTLEMENT  DATA  FROM  POLK  COUNTY  EXPRESSWAY 
Area  2:  (04/06/96  - 11/13/97),  Pond  Depth  7.62  m 
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Figure  10.25  Hyperelastic-viscoplastic  consolidation  settlement:  pond  depth  7.62m 
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Monitoring  of  the  field  settlement  was  discontinued  after  approximately  700  days. 
Consequently,  creep  settlement  over  long  periods  of  time  could  not  be  compared  with 
numerical  predictions.  Figures  10.18  to  10.20  show  that  primary  consolidation  reaches 
equilibrium  stage  immediately  after  the  pavement  construction.  So  it  is  fair  to  assume  that 
the  settlement  that  occurs  after  road  construction  would  be  predominantly  secondary 
compression  under  a  constant  effective  stress.  Table  10.18  compares  the  creep 
settlements  that  occurred  over  3000  days  for  different  pond  depths.  The  deeper  the  clay 
deposit,  the  higher  the  creep  settlement  and  the  longer  it  took  to  reach  an  equilibrium 
stage.  This  phenomenon  is  self-explanatory.  Column  3  of  Table  10.18  presents  time  to 
reach  a  rate  of  settlement  negligibly  small,  in  this  case  <  2mm/year. 


Table  10.18  Comparison  of  creep  settlements  for  different  ponds 


Pond  depth 
(m) 

Creep  settlement 
(cm) 

Time  to  reach 

equilibrium 

(day) 

2.44 

3.6 

1760 

4.57 

7.3 

2200 

7.62 

10.0 

3000 

CHAPTER  1 1 
CONCLUSIONS 


This  study  involved  the  prediction  of  primary  (consolidation  and  swell)  and 
secondary  (creep)  settlement  of  a  phosphatic  waste  clay  found  at  the  construction  site  of 
the  Polk  County  Expressway.  Central  to  this  research  work  was  the  development  and 
implementation  of  large  strain  based  consolidation  model  in  finite  element  code  to  predict 
both  the  laboratory  and  field  data.  Laboratory  consolidation  test  data  were  numerically 
simulated  in  order  to  obtain  constitutive  model  parameters  which  were  subsequently  used 
for  prediction  of  field  data.  Both  large  and  small  strain  formulations  were  used  for  the 
numerical  predictions.  The  large  strain  approach  is  observed  to  do  a  better  job  simulating 
the  field  data  than  the  small  strain  solution. 

Following  is  a  summary  of  the  important  findings  of  the  research  and  some 
suggestions  and  recommendations. 

Stress-deformation  response,  i.e.,  void  ratio  versus  log  (applied  pressure)  curves 
from  one-dimensional  laboratory  consolidation  tests,  was  predicted  using  both  the  large 
and  small  strain  formulations.  It  was  found  that  the  Cam-Clay  model's  compressibility 
parameters  X  and  k  are  different  from  Cs  and  Cr  (compression  and  swell  indices, 
respectively)  of  the  consolidation  test  data  since  they  are  obtained  from  loading  along 
two  different  stress  paths.  Also,  A.  and  k  for  small  strain  were  found  to  be  different  than 
those  for  large  strain  though  they  produce  similar  stress-deformation  responses.  Since  the 
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large  strain  model  updates  geometry  whereas  the  small  doesn't,  the  stresses  which  are 
load/area  (i.e.,  a  function  of  geometry),  will  be  different  unless  the  stiffness  is  adjusted. 

Though  the  small  strain  formulation  performed  well  predicting  the  laboratory 
consolidation  test  data  its  prediction  of  field  settlement  data  was  poor,  whereas  the  large 
strain  model  did  a  good  job  for  both  the  laboratory  and  field  data.  The  small  strain 
formulation  predicted  higher  settlements  than  the  large  strain  formulation  since  the  latter 
uses  natural  strain.  The  thicker  the  clay  deposit,  the  higher  the  ratio  of  small  strain 
settlement  to  large  strain  settlement  due  to  primary  consolidation. 

The  small  strain  solution  predicted  slower  rates  of  consolidation  than  the  large 
strain  solution  because  the  latter  considered  the  reduction  in  length  of  the  drainage  path 
resulting  in  faster  dissipation  of  excess  pore  pressure.  Total  Cauchy  pore  pressures, 
0Cauchy,  predicted  from  the  small  strain  model  were  higher  than  those  from  the  large 
strain  model;  the  ratio  increased  over  time.  This  is  due  to  the  fact  that  the  large  strain 
formulation  updates  the  geometry.  So,  as  the  mesh  undergoes  settlement  the  increasingly 
shorter  drainage  path  results  in  a  faster  rate  of  excess  pore  pressure  dissipation  and  lower 
values  of  9Cauchy. 

The  viscoplasticity  model  parameters  y  and  N  were  obtained  from  numerical 
simulation  of  laboratory  consolidation  test  data.  The  proposed  hyperelastic-viscoplastic 
MCC  model  did  an  excellent  job  predicting  the  rate  of  axial  strain  from  laboratory 
consolidation  tests  which  included  both  primary  and  secondary  settlements.  Monitoring 
of  the  field  settlement  was  discontinued  at  an  early  stage  (around  700  days). 
Consequently,  creep  settlement  over  long  periods  of  time  could  not  be  compared  with 
numerical  predictions.  Large  strain  simulations  with  the  viscoplastic  MCC  model  were 


147 

run  for  a  period  of  3000  days  in  order  to  predict  creep  settlement.  The  deeper  the  clay 
deposit,  the  larger  the  creep  settlement  and  the  longer  it  took  to  reach  an  equilibrium 
stage  (rate  of  settlement  is  negligibly  small,  e.g.,  <  2mm/year). 

A  closed-form  solution  of  one-dimensional  large  strain,  hyperelastic  consolidation 
is  needed  for  verification  of  the  numerical  code.  Such  analytical  solutions  are  already 
documented  in  the  literature  in  reduced  convective  coordinates.  A  more  generalized, 
elegant  closed-form  solution  needs  to  be  derived  in  full  material  description. 

Matrix  formulation  in  full  material  description  turned  out  to  be  cumbersome 
compared  to  a  mixed  formulation  of  spatial  description  in  reference  configuration.  This  is 
due  to  the  fact  that  constitutive  models  for  both  solid  and  fluid  phases  were  derived  in 
spatial  quantities  such  as  Kirchhoff  stresses  and  pore  pressures.  Constitutive  models  in 
terms  of  reference  configuration,  e.g.,  first  Piola-Kirchhoff  stresses  and  pore  pressures, 
could  have  rendered  an  elegant  matrix  formulation  in  full  material  description. 

A  small  number  of  laboratory  consolidation  tests  were  available  for  determining 
the  necessary  constitutive  model  parameters.  More  laboratory  data  would  have  helped 
better  understand  correlations  between  laboratory  soil  parameters  and  corresponding 
constitutive  model  parameters.  For  example,  no  definite  relations  could  be  outlined 
between  the  viscoplastic  model  parameters  y  and  N  and  the  laboratory  secondary 
compression  index  Ca  due  to  limited  data  availability. 

A  viscoelasticity  model  rather  than  hyperelasticity  could  better  represent  the 
stress-deformation  responses  during  the  unloading  and  subsequent  reloading  phases. 


148 

The  mathematical  framework  for  large  strain  consolidation  (quasi-static  case),  as 
presented  in  this  research,  can  be  extended  for  dynamic  responses  of  saturated  soil  media 
in  the  large  strain  regime.  Such  a  development,  though  tedious,  is  worthwhile  pursuing. 


APPENDIX  A 
MATHEMATICAL  DERIVATIONS 
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A.l  Gradient  of  the  Jacobian.  J 
One  can  show  from  matrix  algebra  that  if  a(z)  is  a  matrix  of  function  z,  then 

da, 


where  COF(a;j)  is  (i,  j)th  cofactor  of  the  element  a;j  of  the  matrix  a.  Therefore, 


(A.1) 


dJ  d  (  dxj 


3X;  3X; 


V5xk; 


rCOPfeJ-f— 


(da  A]  f     x 

v^J[:COF(Fjk)=0. 


(A.2) 


x  and  X  represent  spatial  and  material  coordinates  of  a  point  X  in  undeformed 
configuration  8,  respectively. 

Using  the  identity  (A.2),  one  can  obtain  from  (3.58)  that  grad  nw  =  0.  Since  ns  + 
nw  =  1,  grad  ns  =  0.  From  (3.1 1),  one  can  also  derive  that  grad  p  =  0  knowing  the  fact  that 
grad  pa  =  0  (a  =  s,  w).  Putting  together,  an  important  corollary  emanates  from  the 
identity  (A.2)  as  follows 


grad  J  =  grad  p  =  grad  n    =  grad  n     =  0. 
In  reference  configuration  B,  gradient  of  J  takes  the  form 

dJ        dJ  dxj 
GRADJ  =  -^-  =  -^ ^-  =  0. 

dX\      dx.  j  dX[ 


(A3a) 


(A.3b) 


A.2  Balance  of  Energy  of  Saturated  Soil 
From  (3.56),  one  can  obtain  the  relation 


xw=nw91, 


(A.4) 
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where  1  is  the  second  order  identity  tensor.  Now,  localized  balance  of  energy  of  soil- 
water  mixture  in  material  form  (3.61)  can  be  rearranged  as 


JpE  =  xs  :ds  +tw  :dw  =  xs  :ds  +nw01:dw  =xs  :ds  +nw9div  v 


.w 


(A.5) 


Expanding  the  volume  conservation  equation  (4.6)  and  using  (A.3a),  one  can  obtain 


w 


divvw  = 


A 


V     nwy 


div  v. 


(A.6) 


Substituting  (A.6)  in  (A.5),  one  can  deduce 


f 


JpE  =  Ts:ds+nw9 


-—  |divvs=xs:ds  + 
V      nwJ 


f 


1 


=  x   :  d   + 


V      nwy 


tw  :Is=xs:ds+  1 — -  xw  :d 


1 — —  nw91:gradv! 
V      nwJ 

1 


n 


xs  + 


1- 


w 


V      n 


ds=x:d! 


(A.7) 


A.3  Weak  Form  of  DIVP  +  p0g  =  0 
Weak  or  variational  form  of  field  equation  of  stress  equilibrium  (see  (4.3))  can  be 


written  as 


JfiTl(piVP+Pog)dV  =  0, 


L 


/ 


5R 


ii-=r-+Po1i^i 


> 


ax 


J 


dV  =  0. 


) 


Is(^r(^j)-^J-Ponigi]. 


dV  =  0. 


(A.8) 


t|  is  vector  of  virtual  displacement  as  defined  in  (4. 1 1).  Using  Green's  theorem,  one  can 


write 
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a 


HsjM  )Jdv = Wm dA= L^ dA'         (A  9) 

where  N  is  the  unit  outward  normal  to  the  surface  dB  in  reference  configuration. 
t  =  P  •  N  is  the  traction  vector  prescribed  on  dB.  Substituting  (A.9)  in  (A.8)  yields 

dr\\ 


LnitidA-J^Ss-poniiiJdv-Q, 

=>|  (GRADfi:P-p0Ti-g)dV-J    Tj.tdA  =  0. 


(A.  10) 


(A.  10)  presents  the  weak  form  described  in  (4. 12). 

A.4  Weak  Form  of  div  v  +  div  v  =  0 
Weak  form  of  the  field  equation  of  flow  continuity  (see  (4.8))  can  be  written  as 
J  vj/(divv  +  divv)dQ  =  0, 

f    (      dVl  &'A^      n  (AU) 

where  \j/  represents  an  arbitrary  virtual  pore  pressure  filed  as  defined  in  (4. 15).  Using 
chain  rule,  one  can  write 

V— L  =  ^— (i|/vi)-gradvj/-v.  (A.12) 

Substituting  (A.  12)  in  (A.  1 1)  yields 

J"     *i  '^  i  (A.13) 

=>  [   (vj/divv-gradvj/- v)dQ+ [  (\|/vj)dn  =  0. 

Jq  Jndx[ 

Using  Green's  theorem,  one  may  obtain 
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Jn^r(vi/vi)dn  =  Jrxl/v-ndr  =  -|rM/qdr.  (a.h) 

Here  q  =  -v  •  n  is  the  volumetric  flow  rate  along  the  boundary  Th  =  <J>t(3Bh)  (see 
(4.2b));  and  q  is  positive  when  fluid  is  being  supplied  to  the  system,  n  is  the  outward  unit 
normal  to  the  deformed  surface  T.  Substituting  (A.  14)  in  (A.  13)  yields 

J    (vj/div  v-gardvj/-  v)dQ-j  vj/qdr  =  0.  (A.  15) 

(A.  15)  represents  variational  form  H(<J),n,vj/)  =  0  in  spatial  description  (see  (4.16)). 

A.  5  Area  Transformation  of  Flow  Rate 
Push-forward  of  an  infinitesimal  area  dre  T  in  spatial  configuration  to  dAe  dB  in 
material  configuration  follows  the  relation  [56] 

ndr  =  JNF_1dA.  (A.  16) 

N  and  n  are  the  outward  normals  to  the  undeformed  surface  dB  and  deformed  surface  T  = 
fyt(dB),  respectively.  F  is  the  deformation  gradient  (see  (3.44)).  Multiplying  both  sides  of 

(A.  16)  by  v  and  exploiting  the  Piola  identity  V  =  JF_1  •  v ,  one  can  deduce  the 
following  relation 

-vinidT  =  -viJNjFj:1dA 

=>  qdr  =  -(jF_1  •  vjjNj  dA  (A.  17) 

=>qdr  =  -VNdA  =  QdA, 

where  Q  and  q  are  the  volumetric  flow  rates  along  per  unit  area  of  the  boundaries 

dBh  e  dB  and  <J>t(d8h),  respectively.  See  Section  4.2  for  definitions  of  v ,  V ,  Q  and  q. 
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A.6  Additive  Decomposition  of  Principal  Natural  Strain 
In  the  space  of  principal  natural  strain  e  e  R  ,  deformation  gradient  matrix  F  can 
be  written  as 


F  = 


*■! 

0 

0" 

0 

A>2 

0 

0 

0 

x3\ 

(A.  18) 


Xa's  are  the  stretches  in  principal  directions.  In  matrix  form,  product  decomposition  of  F 
(see  (4.27))  can  be  written  as 


^1 

0 

0" 

0 

x2 

0 

= 

0 

0 

\3\ 

o 
o 


0 


0      ^ 


A?      0 
0      A? 

0 


0 


0      X§ 


^A=^A^J    VA-1,2,3.    (A.19) 


Taking  the  natural  logarithms  of  (A.  19)  yields 
ln(XA)  =  ln(?teA)+ln^P) 


8A  ~8A  +8A 


(A.20) 


Trial  elastic  left  Cauchy-Green  tensor  be,tr,  defined  in  (4.41)i,  can  be  written  in 
following  product  form: 

be'tr=fbgft=f(F®(F®)t)ft 


(A.21) 


« !  F„P  f '  [K^' 


In  the  space  of  principal  strains,  be'trand  F^  can  be  expressed  in  the  following  matrices: 
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>e,tr  _ 


0 
0 


xe,trV 


2        I 

o       (xe3-tr 


rf  = 


\n 

0 

0 

0 

A2,n 

0 

0 

0 

X? 

Now,  from  (A.  18)  and  (A.22)2,  one  can  write 


F  F, 


P  V  _ 


3lp 

Ai,n 
0 


0 

^2 

5lp 
A2,n 


0  0 


0 
0 

^3 


*8 


3,n 


Substituting  (A. 23)  and  (A.21)  yields 


ie,tr  _   ^a 

A        X.P 
AA,n 


VA  =  1,2,3. 


Taking  natural  logarithms  of  (A.24)  produces 
ln(^tr)  =  ln(XA)-ln^P>n 


F     _Fe,tr       p 


3,n 


A,n 


.  (A.22) 


(A.23) 


(A.24) 


(A.25) 


A.  7  Proof  of  Piola  Identity:  DIV  Y  =  J  div  y 
Piola  transform  of  vector  y  is  given  by  Y  =  JF"  *y.  Now  DIV  Y  can  be  expanded 
using  chain  rule  as  follows: 
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DIVY  =  —  (Yi)  = 


dJ 


— k1yj)= 


f 


dX[ 


dX[ 


_axi 


dXx 


^j 


=  J — L  y\  +  J 

dx-}{dx{p 

=  Jdivy, 


5x 


J 


(A.26) 


since  GRAD  J  =  0  (see  (A.3b).  x  and  X  represent  spatial  and  material  coordinates  of  a 
point  X  g  B,  respectively.  B  is  the  undeformed,  reference  configuration. 


A.  8  Linearization  of  F.  F1 
Linearization  of  F  and  F"1  is  given  by 

LF  =  F  +  5F;        LF"1  =  F_1  +5F"1. 


(A.27) 


Let  5u  be  the  variation  of  the  displacement  field  u.  One  can  express  variation  of  F  as 


8F  =  ^ 
de 


a(x+e5u)    a(5u)    a(5u)  ax 


=  grad5u  •  F  =  GRAD  5u .  (A. 28a) 


g-o     ax         ax       ax    ax 

FF1  =  5;  5  is  the  Kronecker  delta.  So,  5(  FF1)  =  0;  F5F1  =  -  8F  F1.  One  can  write 


F  •  5F*1  =  -(grad  5u  •  F)  •  F"1  =  -grad  8u 

=>  8F"1  =  -F"1  •  grad  5u  =  -F"1  ■  GRAD  5u  •  F'1 


(A.28b) 


Substituting  (A.28a)  and  (A.28b)  in  (A.27),  one  can  deduce  to  (7.3a)  and  (7.3b). 
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A.  9  Linearization  of  J,  J 


Linearization  of  J,  J  is  given  by 


U  =  J  +  5J;        U  =  j  +  8J. 


(A.29) 


In  order  to  expand  (A.29),  one  needs  to  obtain  expressions  for  8J,  di.  Variation  of  J,  8J 
can  be  written  as 


6J  =  A 

de 


e=0 


de 


detF(x  +  e5u)  =  — 
de 


d(x  +  e  8u) 


det 


^(x  +  eSu)" 


e=0 


ax 


e=0 


ax 


COF(F)  =  (gradSu  •  F) :  COF(F) 

=  (grad5u)lkFkjCOF(Fij) 

=  (gradSu),^  COf(f1j)+  (grad5u)22F2j  COf(f2j) 

+ +  (grad5u)nnFnjCOF(Fnj) 

=  j{(grad5u)11+(grad8u)22+ +  (grad5u)nn} 

=  J  div  8u 


(A.30) 


Now  j=  aj/a  =  J  div  (du/dt)  =  J  div  v.  So,  8J  =  5(j  div  v)  =  J8(divv)  +  8Jdivv. 


8(divv)  =  8[GRADV:F 


-t 


=  8(GRADV):F   l+GRADV:8F 


.-t 


=  GRAD8V  :  F-t  - GRAD V  :  f  F_t  -grad8u 


V 


=  div  Sv  -  grad  v :  grad  8u . 


From  (A.30)  and  (A.31),  one  can  write  expression  for  5J  as 


(A.31) 


5J  =  J 


div(8v)  -  grad  v  :  grad  (8u)  +  div(8u)  div  v 


(A.32) 
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(A.34) 


A.  10  Linearization  of  pp 

Lp0  =  p0  +  5p0  =  p0  +  5(jp).  (A.33) 

Using  the  relation  (3.48),  one  can  derive 

8(Jp)  =  p8J  +  J5{ps(l-nw)+pwnw} 

=  p5J  +  J(pw  -ps)5nw 

=  p5J  +  J(pw-ps)5{l-(l-n^)r1} 

=  p5J  +  J(pw-ps)(l-n^)j-28J 

=  pw8J 

=  pwJdiv(8u). 

8ps  =  8pw  =  0,  since  solid  and  fluid  phases  are  assumed  incompressible. 


A.  1 1  Relation  between  Tensors  A  and  D 
By  definition  (see  Section  7.2.1), 

Aijkl=^U^(Fimsmj) 

1JK1     SFki     aFu vim  mj/ 

asmj  acab 

Cab  =  FcaFct)  (cf.  (3.59)).  Taking  derivative  of  C  yields, 

^  =  ^(FcaFcb)  =  FkaSbl  +  Fkb8al.  (A.36) 

5Fkl       cFkl 

Substitution  of  (A.36)  in  (A.35)  results  Ayy  =  2FimFicnDmjni  +  SjiSj^ ,  since  Dmjni  = 

Umjln- 


(A.35) 
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A.  12  Relation  between  Tensors  a  and  d 
Using  (7.12),  (7.15a),  (7.15b)  and  the  relation  x  =  FSF1,  expression  of  spatial 
tangential  elasticity  tensor  a  can  be  rearranged  as  follows: 

aijkl  -^jm^ln^imkn 

=  FjmFln  \2FjaFicbDambn  +  Sn^Oi^  } 

/  x  (A.37) 

-  2FiaFjmFkbFlnDambn  +  VFjmFln  Smn  J^ik 

=  dyid  +iji5ik. 
So,  a  =  d  +  x©l. 

A.  13  Spectral  Decomposition  of  b.  C 
Left  and  right  Cauchy-Green  tensors,  b  and  C,  respectively,  are  isotropic  tensor 
functions  since  the  transformations 

Q.ffbjQ^ffQ-bQ1);    Qf^Q^QCQ1)  (A.38) 

holds  for  all  orthogonal  tensors  Q.  Let  f(b)  =  b     ,  m  need  not  be  restricted  to  integer 
values.  Spectral  decomposition  of  f(b)  then  takes  the  form 

3 

f(b)  =  bm/2  =  5>A"(A)  ®n(A),  (A.39) 

A=l 

where  Xa  and  n(A),  respectively,  are  the  eigenvalues  and  eigenvectors  of  the  left  stretch 
tensor  V  =  b    .  Following  the  representation  theorem  [94],  f(b)  in  a  space  e  R  may  be 
expressed  as  a  polynomial  in  b  with  scalar  coefficients  which  are  functions  of  the 
invariants  of  b: 

f(b)  =  50I  +  51b+52b2.  (A.40) 
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Here  80,  81,  and  82  are  functions  of  the  principal  invariants  of  b  given  by 

l!=tr(b),    I2=[l?-tr(b2)],    I3=det(b).  (A.41) 

Consider  b  and  hence  f(b)  as  diagonalized,  permitting  the  substitution  of  b  and  b™'2  with 


their  corresponding  principal  values,  XA  and  \™  ,  respectively,  then  (A. 40)  yields 


f\k\  l=S0  +82^  +62^i  =  A,™, 


f$2  j-^o  +8^2  +82^2  ~  ^2> 
+  8jX,3  +82^,3  =  X,3  . 


(A.41) 


In  case  distinct  eigenvalues,  (A.41)  has  a  unique  solution  for  80,  81,  and  82  given  as 

5      yfiM    §     yyAFA-M    5  =  y£EL)       (A42) 


1-2 


where  DA  =  2XA  -IjXA  +I3A,A .  Substituting  (A.42)  in  (A.40),  one  can  obtain  the 


following  expression 


m/2 


=  2>' 

A=l 


-(ii-^2a) 


b  +  I3^2l 


2XA  -IiA,A  +  13^-A 


(A.43) 


The  eigenvalues  XaS  are  solutions  of  the  characteristic  polynomial 


p(*a)  =  -*a  +I^a  -IAa  +  Ii*a  =0        VA  =  1,2,3. 
The  equation  has  the  solutions 


(A.44) 


x  -JL 


I1+2(l2-3I2)1/2cosf— 


27ta 


1/2 


VA  =  1,2,3, 


(A.45) 


where 
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9  =  cos 


-l 


2lf-9I1I2+27I3 


2(l?-3I2f2 
Comparing  (A. 43)  with  spectral  representation  of  (A.  3  9),  one  can  write 


(A.46) 


n<A>®n<A>  = 


-fri-ft) 


b  +  I3A"A2l 


VA  =  1,2,3. 


(A.47) 


2XA  —  IiX,A  +  I3A.A 
An  analogous  representation  for  CT2  follows  from  the  above  procedure.  For 
general  case  of  distinct  eigenvalues,  spectral  decomposition  of  C  takes  the  form 


C=2>2AN(A)0N(A), 


A=l 


N<A>   =1; 


(A.48) 


since  C  is  symmetric  positive  definite  tensor  i.e.  C  e  S+ .  M(A)  of  (7. 13)  is  defined  as 


M(A)=XA2N(A)®N(A). 
where  like  (A.47),  the  product  term  N(A)  ®  N(A)  can  be  obtained  as 

c-(ii-x2A) 


(A.49) 


N(A)®N(A)=A2A 


I1  +  I,A~a2C_1 


L3^A 


2XA  -IiX,A  +  I3A,a 


VA  =  1,2,3. 


(A.  50) 


If  X,i  =  Kq.  *  A3,  it  can  be  easily  deduced  from  (A.39)  and  (A.47)  that 


>m/2=A? 


^,.gp-d-4+wai 


2A3  —  ll^3  "J"  13^3 


(A51) 


while 


bm/2=XIf1l 


(A.52) 


if  Ai  —  A2  —  A3. 


A=l 

+  ; 
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A.  14  Derivation  of  dsA/dC 
Differentiation  of  (A.48)i  gives 

dC=  ^[2>.AdXAN(A)  ®N(A)  +X.2A(dN(A)  ®N(A)  +N(A)  ®dN(A))]     (A.53) 

A=l 

Contracting  dC  with  N(A)  S  N(A)  yields 

JT  dC :  {n<a>  ®  N(a>}=  £dCijN[A)NJA) 

A=l  A=l 

=  tKdXA(N|A)N[A>)(N^N^)  (A.54) 

X\  fdN[A)N[A) )  (n^N^  )+  (n[a)n[a)  )(dN^N  j*>  )| 

From(A.48)2  NJA)NJA)  =l.So,  d(NJA)N[A))=  0  or  N[A)dNJA)  =0.  Substituting  these 

identities  in  (A.54)  produces 

dC:{N(A)®N(A)}=2XAdXA 

=>  dC :  A,2am(A)  =  2X-AdA.A  (A.55) 

^^A  =lx  M(A) 
dC      2    A 

Since  6a  =  In  (Aa),  one  can  obtain 

*a=Im(A>.  (A56) 

dC      2 

A.  15  Derivation  of  dM(A)/dC 
From  (A.49)  and  (A.  50),  M*A)  can  be  written  as 

M(A)  _  C-^-A^jl  +  L^C  /A 57) 

Da 


an  even 
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where  DA  =  2X4A  -  IjX^  +  X~A2  =  (A-a  ~  *-b  J^a  ~^c)-  i ^B.C}  denotes 
permutation  of  the  indices  {1,2,3}.  Ii  and  I3  are  invariants  of  C,  defines  as 

lx  =  tr[C]  =  X]+  X\  +  X\;    \  =  det[C]  =  \\k\k\ .  (A.58) 

Now, 

^  =  _L(^_m<A>®^a}  (A.59) 

ac     DA[ac  ac  J 

where  u  =  C  -  fc  -  A,^  Jl  +  I3X^  C     •  Consider  (A.59)  by  parts.  First,  dddC  can  be 
expanded  using  the  chain  rule  as 


ac  ac  ac  ac  (A60) 

ax. 


a         ac  c 

I  is  the  fourth  order  identity  tensor  defined  as  Ijjid  =  —  [5^8  \\  +  d\\5  jk  J 


(ic-i)ijkl  --a^/a*,  ={klc?+cillcjk 

order,  one  would  need  expressions  for  dh/dC,  aij/aC  and  dk/JdC 

dl 


2 
In  order  to  expand  (A. 60)  to  lowest 


^-  =  1  (A.61a) 

ac 


^7  =  ^r-{det(cmn  )}  =  -zzr-  COFCCmn  ) 
ac     aLy  auj^ 

-I3 —  IsCy  -  I3C 


(A.61b) 


L3 

See  (A. 5 5)  for  dK/JdC.  Substituting  (A. 5 5),  (A. 6 la)  and  (A. 6 lb),  one  can  rewrite  (A. 60) 
as 
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—  =  I-1®1  +  Xa1®M(A)+I3A.a2C"10C"1 
dC 

-I3\-A2C~l  ®M^ -i3\-A\.i 


(A.62) 


Next,  consider  dDpJdC. 


®A=Dk^A._X2A£L  +  X-2£k  (A.63) 

dC  dC  dC      A   dC 

where  DA  =  8A,3A  -  2l{kA  -  2I3XA3.Upon  substitution  of  (A.  55)  and  (A.61a),  (A.61b) 
takes  the  form 

^L  =  iD^AM<A>  -^l  +  IjjtfC-'.  (A.64) 

a^  =  _LLi®i+i3^(c-®c-'-ic..] 

dC        DA  r  3  A  v  c    /J 

+  —  k2A(l®M(A)  +M(A)  ®l)--DA?iAM(A)  ®M(A) 
DA  L  2 


(A.65) 


Da 


|C"1®M(A)+M(A)®C"'1 


A.  16  Push  Forward  of  dM(A)/dC 
Push  forward  of  all  the  indices  of  dM^VdC  yields  d(A)  as  given  by  (7. 17).  In  tenor 

form  d-,  I  -Fia^jb^kc^ld^^  k         cd-  Consider  push  forward  of  each  of  the  fourth 
order  tensors  on  the  right  hand  side  of  (A.65).  Following  expressions  can  be  obtained. 

FiaFjbFkcFldlabcd  =  ±|fecFdc  XFJdFdl  Y  (FidFdl  Jfe^ck  1 


(A.66a) 
lb;vb;i  +  b;ib;i-  )=(Ih):.i,i . 


=  — (bikbjl  +biibjk)=(Ib)ijkl 
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FiaFjbFkcFld5ab5cd  =  (FibFbj  AFkdFdi  J"  bijbkl  • 

PiaPjbPkcPldC^C-^  =  {p^F*.  t^C^Fi } 

=  {FC-1Ft}ij{FC-1Ft}kl=5ij8kl. 

FiaFjbFkcFld (ic-  )abcd  -  \h^lk  KFJbCWFdl ) 

^iaC-^jbC^J] 
=  -(Sik8jl  +5a5jk)=Iijkl. 

PiaPjbPkcPldSabM^  =  {jfrF*  jJfcMgfFj  )=  by m<A>. 


(A.66b) 


(A.66c) 


(A.66d) 


FiaFjbFkcFldM^)5cd=m[.A)bki 


(A.66e) 


(A.66f) 


^jb^ldM^M^  =  {FiaM^  jJF^M^  }=  m[A)m(A).     (A66g) 
FiaFjbFkcFldC^M<Ad)  =  {FiaC^  Jf^M^  )=  5,mjJ>.        (A.66h) 


PiaFjbFkcFldM(aJ)C^=m[A>5kl 


(A.66i) 


Now,  substituting  (A. 66a)  to  (A.66i)  would  yield  push  forward  of  3M(A)/dC  in 
tensor  form  as  follows 


(A)    _ 


aM(A> 

ab 


ijki  ~FiaFJbFkcFld"ac~H 

=  ^-[(Ib)ijkl  "bijbkl+l3>-A2(5ij5kl-Iijkl)J 


J-^^m^.m^b^-iD 


(A.67) 


UAm^m 


(A)W(A) 


2     A    A     ij       kl 


D 


h^ 


y™£M>)] 
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A.  17  Variation  of  k.  K 
Permeability  tensor  k  varies  with  the  void  ratio  e,  or  equivalently  with  the 
Jacobian  J.  Using  chain  rule  variation  of  k  can  be  expressed  as 

6k  =  *  *  5J  =  £*<*  Jdiv(Su).  (A.68) 

de  dJ         de  dJ 

Expression  of  8J  is  substituted  from  (7.4a).  Assuming  incompressibility  of  the  solid 

phase,  Jacobian  J  can  be  expressed  as  a  function  of  void  ratio  given  by 

J  =  £~,  (A-69) 

V     l  +  e0 

where  v  and  e  are  the  volume  and  void  ratio  of  soil-water  mixture,  respectively,  in  spatial 

configuration  with  corresponding  values  in  reference  configuration  being  V  and  eo.  Now, 

de/dl  =  1  +  eo.  Substituting  de/dJ  in  (A.68)  yields  5k  =  (l  +  e0)Jdiv  (8u)dk/Se. 

K  is  the  pull-back  permeability  tensor  defined  as  K  =  F_1  •  k  •  F~  .  Variation  of 

K  takes  the  form  SK  =  5F"1   k  F_t  +  F"1  8k  F_t  +  F"1  k  SF_t .  Substituting  8F1 
and  8k  from  (7.3b)  and  (7.31),  respectively,  yields 

8K  =  -F_1  GRAD8uF-1  kF_t  +  (l  +  e0)Jdiv(8u)F_1  •  — -F_t 

de 

-F~1-k-F~t-GRADt6u-F"t 

=  _2F"1.ji(GRAD8u-KFt +F-KGRADt8u)JF"t  (A.70) 

+  (l  +  e0)Jdiv(8u)F-1-—  F_t 

de 

=  -F_1-|2Sym(GRAD8u-K-Ft)-(l  +  e0)DIv(jT"1-5u)^-|F~t 
K  is  symmetric  since  k  is  assumed  symmetric  for  most  practical  purposes. 
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A.  18  Variation  of  grad  8 


8(grade)  =  5 


=  5 

f  59  dX[ > 
[aXi  axj  J 

axj     ax,    y 


(A.71) 


7-1 


From  (5.3b),  5F"  can  be  expressed  in  tensor  form  as  SF-     =  - 


_i      axi  a(suk) 


y       axk   ax; 


.  (A.71)  can 


then  be  rearranged  as 


5(grade)=5(se)-J^« 
ax;    axk   ax; 

=  grad  (50)  -  grad  9  •  grad(8u). 


(A.72) 


A.  19  Variation  of  Jv 
Variation  of  Jv  is  given  by  8(Jv)  =  8 J  v  +  J8v.  Using  the  expressions  of  8J  and 
8(grad  0)  from  (A. 30)  and  (A.72),  respectively,  one  can  expand  8(Jv)as 


5(Jv)  =  5ri-k 


grad0  +  g 
JgPw     %) 


W         f        f 
+  J8J-k- 


=  -k 


-8k- 


Jk 


8  J  grad  0  |  §Jg 
JgPw  gj     gPw 


grad0  +  Jg 

L  gPw       gj 


grad0  |  g  jl 
JgPw      gjj 
JS(grad0)-8Jgrad0 


(A.73) 
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-8Jk -^ — -8(grade)-5k 

g     gPw 


grade  |  jg 
LgPw        gj 


J  div(8u) k  f  -  -^—  •  5{grad(58)  -  grad  0  •  grad(8u)}  -  5k 


=  -k 


g     gPw 

grad(58)- grade- grad (8u)  |  Jdiv/5|xg 
gPw  gj 


(l  +  e0)Jdiv(8u)— 


grade +Jg 


de   LgPw        g. 


grade  |  jg 
LgPw        gj 


A. 20  Variation  of  grad  r\:  x 

Variation  of  grad  r\:  x  of  takes  the  form 

5(gradri :  x)  =  8(GRADdri :  P) 

=  GRADdTi :  8P  =  GRADdri :  8(F-  S) 
=  GRADdri:(8F-S  +  F-8S). 


(A.74) 


Since  r|  is  vector  of  arbitrary  virtual  displacement,  8t|  =  0.  See  Section  3.5.3  for  relations 
among  P,  x  and  S. 

First,  consider  expansion  of  F-  8S.  From  the  expression  of  D  (see  (7.14)),  one  can 
write  8S  =  D  8C,  or  in  tensor  form  8S;j  =  Dijid8Cki.  Using  (3.59)  and  (7.3a),  8C  can  be 
expanded  as  follows 

8Cij  =8(FkjFkj)=8FiciFkj  +Fid8Fkj 


=  (grad5u)klFiiFkj  +Fki(grad8u)kmFmj 
=  2FiiFiq(grad5u)kl. 


(A.75) 


Collecting  the  expressions  for  8S  and  5C,  one  may  obtain  following  expansion  for  F-  8S 
(F-8S)ij  =Fik8Skj  =FikDkjmn{2FamFbn(grad8u)ab}  (A.76) 


Substituting  (A.76)  and  (7.15b),  it  can  be  derived  as 
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GRAD ii :  8 (F  •  SS)  =  (GRAD  Ti)jj  (F  •  5S)y 

=  (gradTi)icFcjFikDkjmn{2FamFbn(grad6u)ab} 

=  (gradri)ic  {2FikFcjFamFbnDkjmn  )(grad5u)ab  (A.77) 

=  (gradTi)ic  dicab  (grad8u)ab 

=  gradi|:d  :grad5u. 

Next,  consider  expansion  of  5F-  S.  Substituting  (7.3a)  and  (3.57),  one  may  obtain 
following  tensor  expansion: 

(5FS)jj  =5FikSkj 

=  (grad5u)n  Flk  f  j^T^F".1  }  <A  78> 

=  (grad5u)iI5imimnFjr1. 

Then,  using  (A. 78)  following  contraction  with  GRAD  r|  is  possible. 
GRAD  ti  :  (5F  •  S)  =  (GRAD  rj)^  (5F  •  S)y 


:-l 


=  (grad  Tl)ik  Fkj  (grad  6u)n  5^1^  Fjn 

=  (gradrj)ik  f  IcjF^1  jfgradSu^  5^1^ 

=  {(gradri^Si^^gradSu^Simlrmn  (A.79) 

=  {(gradr|)ik  5^  ^(gradSu)^  5im  Jr^ 
=  (gradTi)inTmn(grad8u)il 
=  (gradrOy  {xySid  ^gradSu)^ 
=  grad  T] :  (x  ©  1 ) :  grad  5u 

Substituting  (A.77)  and  (A.79)  in  (A.  74),  one  can  write  variation  of  grad  r\:  x  as 

5  (  grad  r\ :  t)  =  grad  rj:(d  +  x©l):  grad  8u .  (A.  80) 
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A.21  Variation  of  GRAD  r\:  P 
Following  (A.  74),  variation  of  GRAD  r\:  P  of  can  be  written  as 

8(GRADdTi:P)  =  GRADdTi:(5FS  +  F-5S).  (A.81) 

First,  consider  expansion  of  F-8S.  From  the  expression  of  D  (see  (7.14)),  one  can  write 
F-8S  =  F  (D  5C),  or  in  tensor  form  (F-5S)ij  =  PiicDi^C™.  Using  (3.59)  and  (7.3a),  5C 
can  be  expanded  as  follows 


(A.  82) 


(A.83) 


°Cmn  -  o  (Fam^an  )  -  SFamFan  +  Fam5Fan 

=  (GRAD  5u)am  Fan  +  Fam  (GRAD  5u)an 

Substituting  (A. 82),  one  can  further  expand  F-8S  as 

(F  •  6S)ij  =  FikDkjmn  {(GRAD 5u)am Fan  +  Fam (GRAD 8u)an  } 
=  Fik{Dkjmn  +Dkjnm)(GRAD5u)amFan 
=  2FikDkjmn  (GRADSuJ^Fan 
=  {2FiaDajblFkb}(GRAD5u)kl, 

since  Dkjmn  =  Dkjmn-  Next,  consider  the  following  expansion  of  5FS. 

(5F.S)ij  =5FikSkj 

=  (GRAD6u)ikSkj  (A.84) 

=  (GRAD8u)klSij5ki. 

Now  substituting  (A.83),  (A.84)  and  (7.12)2  in  (A.81),  one  can  obtain 

5(GRADdTi:P)  =  (GRADri)ij(8FS  +  F-6S)ij 

=  (GRADri)ij{2FiaDajblFkb+Sij8ki)(GRAD5u)kl 
=  (GRADri)ijAijkl(GRAD6u)kl 
=  GRADrj:A:GRAD5u. 

(A.  80)  and  (A.  85)  are  equivalent  expressions  since  both  are  obtain  from  variation  of  same 

quantity  i.e.  GRAD  r\:  P.  Following  push  forward  of  (A.  85)  would  prove  that. 
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8(GRADdT1:P)  =  (GRADTi)ij{2FiaDajblFkb+Sij5kiJ(GRAD5u)lcl 

=  (gradti  )icFcj  {2FiaDajblFkb  +  S\fi^  j(grad5u  )kdFdl 

=  (gradri)ic{2FiaFcjFkbFdlDajbl  +FcjSij6kiFdi)(grad6u  )kd 


=  (gradri)ic 


2FiaFcjFkbFdlDajbl  +  FcjSjlFld6ik 


Tcd 


(A.  86) 
(grad5u)kd 


=  (  grad  Tl  )ic  {  dickd  +  Tcd5ik  X  grad  5u  )kd 
=  gradr|:  (d  +  x0l):grad8u. 

See  (7.15b)  for  push  forward  of  D  to  d.  (A. 80),  (A. 85)  and  (A. 86)  can  be  combined  to 

following  equivalent  expressions 

8(gradTi:x)  =  6(GRADTi:P) 

=  gradti :  (d  +  x©  1 ) : grad5u  =  GRADti  :  A  :  GRAD5u. 

A.22  Variation  of  grad  y  •  Jv 
Expansion  of  8  (grad  vy  •  Jv)  takes  the  form 

8  (grad  \\f  •  Jv)  =  8  (grad  vj/)  •  Jv  +  grad  \|/  •  8  (Jv).  (A.  88) 

Following  the  same  derivation  of  8(grad  9)  (see  Section  A.  18),  one  may  obtain 

8(grad\|/)  =  -gradvj/-grad(8u),  (A.89) 

since  8vj/  =  0. 

Substituting  8(grad  \j/),  Jvand8(Jv)  from  (A.89),  (7.37b)  and  (7.37c), 
respectively,  one  can  expand  (A.  8 8)  as 
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5{fead¥)i(Jv)i} 

=  {-(gradvj/)k(grad5u)ki} 


-k; 


(grade):      j 

-  +  -gj 

PwS        g 


-(gradvj/^kjm 


(grad50)m  -(grad9)1(gi^d5u)lnL+ j  div(§u)gm 


Pwg 


g 


dk;;  f (grade):       gi 

-(l  +  e0)Jdiv(6u)(grad\|/): — M-        -^-  +  M4 

3e 


Pwg 


g 


=  -(gradi^  iSim_(grad5e)m  +{(gradM/)i  ^Lferade^gradSu)^ 
Pwg  I  Pwg 


+ 


'ij 


(grad  \|/)k (grad  9)j  (grad  Su)^  >  + <  (grad  vj/)k  (grad  811)^  kygj  — 


(grad\|/)k5iakam  gm  -div(8u) 


k. 


-  0  +  eo  )(grad  W)\ J  div  (5u)5im 


dk 


mj 


de 


(grade):       g:' 

=Uj^-> 

Pwg  g 


(A.90) 


=  -grad  \\f 


Pwg 


grad  56 


+  2 


(grad\|/)j- 


r  k 


^Pwg 


•grad  8u 


+ 


t  ^ 


grad8u 


Pwg 


+  \  gradij/[gradSii-(div8u)l]-k  —  jl 

-(l  +  e0)gradV-(Jdiv(6u)l).f-jE^  +  ji| 

de    [pwg        gj 


«; 


(grade): 


k 

=  -grad \|/ grad 86  +  2^  grad \j/  •  Sym 

Pwg  I 


grad  8 u     grade 

^Pwg  J  J 


+  J  grady[grad8u-(div8u)l]k  —  j\ 

-(l  +  e„)gradV.(Jdiv(5u)l).|i.f£^  +  ji}. 

5e    [pwg       gj 
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A. 23  Variation  of  GRAD  \\f  ■  V 


5 (GRAD  \\f  •  v)  =  GRAD  vy  •  5V  since  5vj/  =  0.  Substituting  (7.27)  and  (7.28), 


GRAD  YJ/  •  8V  can  be  expanded  as 


GRAD  m/-5V  = -GRAD  \|/-5K-[GRADe+JFt^ 


gPw 


g. 


-GRADV.K.f^^9+(DIv(jF-1.6u)Ft+JGRADt5u).* 

V     8Pw 

Substituting  expression  of  5K  from  (7.30),  one  may  obtain 


> 


GRADv|/-5K 


fGRADB         ♦    g 

+  JF1  •  — 

V    gPw  %) 

-l 


K     wt 


F-tGRAD9 


=  -2GRAD\|/-F-1-Sym  GRADSu 

I  gPw     ; 

-2GRAD\i/F"1Sym(GRAD5uKFtlj^ 

g 

+  (l  +  e0)GRADv1/.F-1.DIv(jF-1.5u)^.F-t.f^^Q  +  JFt.i 


(A.91) 


(A.92) 


5e 


k    gPw 


Second  term  of  (A.92)  can  be  further  expanded  as 

2GRADv|/F_1  SymlGRADSuKF1)- J^- 

;     g 

=  GRADvj/F~1(GRAD5uKFt+FKGRADt5u)j^ 

g 

=  GRADy- F"1GRAD8uKFtJ^  + GRAD  \|/K- GRAD1  5uJ^ 

g  g 


(A.93) 


Substituting  (A.92)  and  (A.93)  in  (A.91)  yields 
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GRAD  v|/ •  5V  = -GRAD  \|/ 


K 


gPw 


•GRAD  50 


,-i 


K     „t 


> 


F   ^GRADG 


+  2GRADvj/F      -Sym  GRAD6u 

^  gpw     ; 

+  GRADv|/F_1   GRADSuKF1^ 

g 

-  GRAD  \j/  ■  K  •  Div( JF"1  •  SuJF1  ■  ^ 

'        g 

-(l  +  eojGRADxj/.F^.DIV^.Suj^-F-t.i^^  +  JF^i 


(A.94) 


ae 


V 


Pwg 


g. 


A.24  Hand  Calculation  of  One-dimensional  Large  Strain.  Hyperelastic  Consolidation 
For  the  large  strain  example  of  one-dimensional  hyperelastic  (axisymmetric) 
consolidation  (see  Section  9.2) 


8  = 


"0" 

npl] 

62 

,     p= 

P2 

0 

LpJ 

(A.95) 


8  and  P  are  the  vectors  of  principal  natural  strains  and  principal  effective  Kirchhoff 
stresses,  respectively.  Subscript  1  represents  radial  and  circumferential  directions  while 
subscript  2  represents  the  vertical  direction.  Using  (5.3)  one  can  obtain 


8v  ~  e2  '     8s  ~~  -,  e2 
From  (5.6),  Kirchhoff  stresses  can  be  expressed  in  terms  of  stress  invariants  as 

fc-P-f.  ?2=p3. 


(A.96) 


(A.97) 


Stress  invariants  p  and  q  can  be  obtained  from  the  derivative  of  free  energy  function  *¥ 
given  by 
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p  =  — =  Kev  =  Ke2,    q  = -— =  3ues  =  2ue2  .  (A.98) 

See  (5.38)  for  the  expression  of  *F  in  case  of  isotropic,  linear  elasticity.  Substituting 
(A.98)  in  (A.97),  p2  can  also  be  written  as 

p2=(K  +  ^)e2=De2.  (A.99) 

D  is  the  constrained  modulus.  At  steady-state  condition  Jacobian  J  is  constant  throughout 
the  height  of  the  soil  column,  so  is  p2  since  P2  =  JAq(Cauchy).  For  one-dimensional 
constrained  compression  J  =  X2,  X2  being  the  principal  stretch  in  vertical  direction  i.e.  the 
ratio  of  the  final  to  initial  column  height.  Equivalent  expressions  for  (32  yield  P2  =  D62  = 
D  ln(^2)  =  Aq(Cauchy)>.2-  Unknown  quantity  X2  can  now  easily  be  obtained  from  the 
following  equation 

f(X2)  =  Aq(Cauchy^2  -Dln(A,2)  =  0.  (A.  100) 

For  this  example,  D  =  134.7  kPa,  Aq(Cauchy)  =  -90  kPa.  Plugging  these  values  in  (A.  100), 
one  can  obtain  X2  =  0.6484. 


APPENDIX  B 
FINITE  ELEMENT  MATRICES 
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Matrices  for  D9P4  axisymmetric  elements,  discussed  in  Chapter  8,  are  given  in 
the  following, 
(a)  Interpolation  matrices: 


N*  = 


N 


0      N 


* 


0 


0      N 


0      N 


* 


ND  = 


N, 

0 


e 


N§ 


0      N 


N 


0      N 


e 


o 


N* 

0 

0 

iN9_ 

?     o 

N? 

0 

>      N? 

0 

N? 

(B.l) 


(B.2) 


j8  _  p2x8     XT(J)Jc/; 


9,„,: 


N*  e  R2x18,  Ne  e  R2x8.  N?  's  (i  =  1,2,... ,9)  and  NY  's  (j  =  1,2,3,4)  are  biquadratic 

displacement  interpolation  functions  and  bilinear  pore  pressure  interpolation  functions, 
respectively.  See  any  reference  book  of  finite  element  for  the  interpolation  function  in 
natural  coordinates  £,  r|  e  [-1,1]  (see  Figure  9.1). 
(b)  Strain-displacement  transformation  matrix: 


B  =  [B!   B2   B3 B9]eR 


5X18 


(B.3) 


where 


Bi  = 


dN 


* 


5x 

0 
4> 


5N 


* 


ay 


N 


d> 


3N? 
i_ 

dy 


0 


5N* 
i_ 

ax  J 


(B4) 
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x,  y  are  spatial  coordinates  in  R2  space.  Radius  r  in  (B.4)  is  interpolated  as  r  =  V  N^xj . 
Volumetric  counterpart  of  B  matrix  is  defined  as 


b  =  {l}tB,     {1}={1    1    1    0    0}1; 


b  =  [b2     b2     b3 b9]eR 


1X18 


Here 


bi  = 


5N*     N* 

1  -  +  -L- 


dx 


(c)  Gradient-pressure  transformation  matrix: 


E  = 


0 


5N 


e 


dy 


ax 
o 


5N 


0 


dy 


(d)  Material  stiffness  matrix: 


D  = 


mi 

2211 


d 
d 

^33 11 
^1211 
.^2111 


l1122 


4133 


'2222      u2233 


l3322      u3333 


l1222 
'2122 


4233 


l2133 


<i> 


5N? 
i_ 

dy 


dx 
0 


dN® 

dy  J 


^1112 
d22i2 
^3312 
^1212 
^2112 


u1121 
^2221 
^3321 
<4221 
^2121J 


1=1 


(B.5) 


(B.6) 


(B.7) 


(B.8) 


(B.9) 


Components  of  D  are  obtained  directly  from  fourth-order  tensor  d  of  (7. 16). 


(e)  Initial  stress  matrix: 
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(f)  Pore  pressure  matrix: 


T  = 


Til 

0 

0 

*12 

0 

0 

x22 

0 

0 

*12 

0 

0 

T33 

0 

0 

*12 

0 

0 

T22 

0 

0 

*12 

0 

0 

^11 

(BIO) 


19=9' 


10    0    0    0' 
0     10    0    0 
0    0     10    0 
0    0    0    0     1 
0    0    0     10 


(B.ll) 


APPENDIX  C 
LABORATORY  CONSOLIDATION  TEST  DATA 
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Boring  No.  BH-4(2),  Load  =  1.0  tsf 


0.0340 

0.0380 

0.0420 

£    0.0460 

g>  0.0500 

K5   0.0540 

|    0.0580 

■^    0.0620 

5   0.0660 

0.0700 

0.0740 

0.0780 


Primary 
Settlement 


n  Secondary 

i '  Settlement 


0.1 


1 


10  100        1000       10000 

Elapsed  Time,  min 

Figure  C.  1  Primary  and  secondary  settlement  from  laboratory  consolidation  data 


Table  C.l  Settlement  Data  from  Consolidation  Test  Results  (Boring  No.  BH-1A) 


Load 

Total 

Primary 

Secondary 

Primary 

Secondary 

Settlement 

Settlement 

Settlement 

Settlement 

Settlement 

(tsf) 

(in) 

(in) 

(in) 

(%) 

(%) 

0.5 

0.0202 

0.018 

0.0022 

89.11 

10.89 

1.0 

0.0292 

0.0289 

0.0003 

98.97 

1.03 

2.0 

0.0613 

0.053 

0.0083 

86.46 

13.54 

4.0 

0.0801 

0.0744 

0.0057 

92.88 

7.12 

8.0 

0.084 

0.0753 

0.0087 

89.64 

10.36 
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Table  C.2  Settlement  Data  from  Consolidation  Test  Results  (Boring  No.  BH-2) 


Load 

Total 

Primary 

Secondary 

Primary 

Secondary 

Settlement 

Settlement 

Settlement 

Settlement 

Settlement 

(tsf) 

(in) 

(in) 

(in) 

(%) 

(%) 

0.25 

0.00736 

0.00648 

0.00088 

88.04 

11.96 

0.5 

0.01814 

0.01324 

0.0049 

72.99 

27.01 

1.0 

0.0408 

0.0341 

0.0067 

83.58 

16.42 

2.0 

0.0809 

0.0683 

0.0126 

84.43 

15.57 

4.0 

0.1077 

0.0937 

0.014 

87.00 

13.00 

8.0 

0.0989 

0.0897 

0.0092 

90.70 

9.30 

Table  C.3  Settlement  Data  from  Consolidation  Test  Results  (Boring  No.  BH-3) 


Load 

Total 

Primary 

Secondary 

Primary 

Secondary 

Settlement 

Settlement 

Settlement 

Settlement 

Settlement 

(tsf) 

(in) 

(in) 

(in) 

(%) 

(%) 

0.5 

0.0098 

0.0089 

0.0009 

90.82 

9.18 

1.0 

0.0294 

0.026 

0.0034 

88.44 

11.56 

2.0 

0.0669 

0.0606 

0.0063 

90.58 

9.42 

4.0 

0.096 

0.083 

0.013 

86.46 

13.54 

8.0 

0.0982 

0.0877 

0.0105 

89.31 

10.69 

Table  C.4  Settlement  Data  from  Consolidation  Test  Results  (Boring  No.  BH-4(2)) 


Load 

Total 

Primary 

Secondary 

Primary 

Secondary 

Settlement 

Settlement 

Settlement 

Settlement 

Settlement 

(tsf) 

(in) 

(in) 

(in) 

(%) 

(%) 

0.5 

0.0195 

0.0175 

0.002 

89.74 

10.26 

1.0 

0.0433 

0.0366 

0.0067 

84.53 

15.47 

2.0 

0.0972 

0.0869 

0.0103 

89.40 

10.60 

4.0 

0.105 

0.0978 

0.0072 

93.14 

6.86 

8.0 

0.1033 

0.0935 

0.0098 

90.51 

9.49 

REFERENCES 

1.  M.  A.  Biot,  General  theory  of  three-dimensional  consolidation,  J.  Appl.  Phys.  12 

(1941)  155-164. 

2.  M.  A.  Biot,  Theory  of  elasticity  and  consolidation  for  a  porous  anisotropic  solid,  J. 

Appl.  Phys.  26  (1955)  182-185. 

3.  R.  I.  Borja,  Finite  element  formulation  for  transient  pore  pressure  dissipation:  a 

variational  approach,  Int.  J.  Solids  Struct.  22  (11)  (1986)  1201-1211. 

4.  R.  I.  Borja,  Linearization  of  elasto-plastic  consolidation  equations,  Engrg.  Comput. 

6(12)  (1989)  163-168. 

5.  R.  I.  Borja,  One-step  and  linear  multistep  methods  for  nonlinear  consolidation, 

Comput.  Methods  Appl.  Mech.  Engrg.  85  (1991)  239-272. 

6.  R.  I.  Borja,  Composite  Newton-PCG  and  quasi-Newton  iterations  for  nonlinear 

consolidation,  Comput.  Methods  Appl.  Mech.  Engrg.  88  (1991)  27-60. 

7.  J.  T.  Christian,  Two-  and  three  dimensional  consolidation  in,  in:  C.S.  Desai  and  J.T. 

Christian,  eds.,  Numerical  Methods  in  Geotechnical  Engineering  (McGraw-Hill, 
San  Fransisco,  CA  1977)  399-426. 

8.  J.  H.  Prevost,  Mechanics  of  continuous  porous  media,  Int.  J.  Engrg.  Sci.  18  (1980) 

787-800. 

9.  J.  H.  Prevost,  Implicit-explicit  schemes  for  nonlinear  consolidation,  Comput  Methods 

Appl.  Mech.  Engrg.  39  (1983)  225-239. 

10.  H.  J.  Siriwarden  and  C.  S.  Desai,  Two  numerical  schemes  for  nonlinear 

consolidation,  Int.  J.  Numer.  Methods  Engrg.  17  (1981)  405-426. 

11.  J.  C.  Small,  J.  R.  Booker  and  E.  H.  Davis,  Elasto-plastic  consolidation  of  soils,  Int.  J. 

Solids  Struct.  12  (1976)  431-488. 

12.  J.  P.  Carter,  J.  R.  Booker  and  J.  C.  Small,  The  analysis  of  finite  elasto-plastic 

consolidation,  Int.  J.  Numer.  Anal.  Methods  Geomech.  3  (1979)  107-129. 


183 


184 


13.  M.  Chopra  and  G.  F.  Dargush,  Finite-element  analysis  of  time-dependent  large- 

deformation  problems,  Int.  J.  Numer.  Anal.  Methods  Geomech.  16  (1992)  101- 
130. 

14.  H.  D.  Hibbit,  P.  V.  Marcal  and  J.  R.  Rice,  A  finite  element  formulation  for  problems 

of  large  strain  and  large  displacement,  Int.  J.  Solids  Struct.  6  (1970)  1069-1086. 


15.  J.  Mandel,  Thermodynamics  and  plasticity,  in:  J.  J.  Delagado  Domingers,  N.  R.  Nina 

and  J.  H.  Whitelaw,  eds.,  Foundations  of  Continuum  Thermodynamics 
(Macmillan,  London,  1974)  283-304. 

16.  J.  C.  Simo  and  T.  J.  R.  Hughes,  Elastoplasticity  and  viscoplasticity  -  Computational 

aspects,  Springer  Ser.  Appl.  Math.  (Springer- Verlag,  Berlin,  1989). 

17.  R.  Hill,  The  Mathematical  Theory  of  Plasticity  (Clarendon,  Oxford,  1950). 

18.  A.  E.  Green  and  P.  M.  Naghdi,  A  general  theory  of  elasto-plastic  continuum,  Arch. 

Rat.  Mech.  Anal.  18  (1965)  251-281. 

19.  J.  C.  Simo  and  R.  L.  Taylor,  Quasi-incompressible  finite  elasticity  in  principal 

stretches,  Continuum  basis  and  numerical  algorithms,  Comput.  Methods  Appl. 
Mech.  Engrg.  85  (1991)  273-310. 

20.  J.  C.  Simo,  Algorithms  for  static  and  dynamic  multiplicative  plasticity  that  preserve 

the  classical  return  mapping  schemes  of  the  infinitesimal  theory,  Comput. 
Methods  Appl.  Mech.  Engrg.  99  (1992)  61-112. 

21.  R.  J.  Atkin  and  R.  E.  Craine,  Continuum  theories  of  mixtures:  basic  theory  and 

historical  development,  Quat.  J.  Mech.  Appl.  Math.  29  (1976)  209-224. 

22.  R.  M.  Bowen,  Theory  of  mixtures,  in:  A.  C.  Eringen,  ed.,  Continuum  Physics  3 

(Academic  Press,  New  York,  1976)  1-27. 

23.  A.  C.  Eringen  and  J.  D.  Ingram,  A  continuum  theory  of  critically  reacting  media  - 1, 

Int.  J.  Engrg.  Sci.  3  (1965)  197-212. 

24.  J.  D.  Ingram  and  A.  C.  Eringen,  A  continuum  theory  of  critically  reacting  media  -  II: 

Constitutive  equations  of  reacting  fluid  mixtures,  Int.  J.  Engrg.  Sci.  5  (1967)  289- 
322. 

25.  A.  E.  Green  and  P.  M.  Naghdi,  A  dynamic  theory  of  interacting  continua,  Int.  J. 

Engrg.  Sci.  3(1965)231-241. 

26.  C.  Truesdell  and  R.  Toupin,  The  Classical  Field  Theories,  in:  S.  Fliigge,  ed., 

Handbuck  der  Physik  111(1 )  (Springer- Verlag,  Berlin,  1960). 


185 


27.  P.  S.  Huyakorn  and  G.  Pinder,  Computational  Methods  of  subsurface  Flow 

(Academic  Press,  New  York,  1983). 

28.  K.  H.  Roscoe  and  J.  B.  Burland,  On  the  generalized  stress-strain  behavior  of 'wet' 

clay,  in:  J.  Heyman  and  F.  K.  Leckie,  eds.,  Engineering  Plasticity  (Cambridge 
University  Press,  Cambridge,  1968)  535-609. 

29.  A.  Schofield  and  P.  Wroth,  Critical  State  Soil  Mechanics  (McGraw-Hill,  New  York, 

1968). 

30.  K.  von  Terzaghi,  Theoretical  Soil  Mechnaics  (John  Wiley  &  Sons,  New  York,  1943). 

31.  M.  A.  Biot,  Theory  of  deformation  of  a  porous  viscoelastic  anisotropic  solid,  J.  of 

Appl.  Physics  27(5)  (1956)  459-467. 

32.  M.  A.  Biot,  Mechanics  of  Incremental  Deformations  (John  Wiley  &  Sons,  New 

York,  London,  Sydney,  1965  p. 504). 

33.  J.  Ghaboussi  and  S.  U.  Dikmen,  Liquefaction  analysis  of  horizontally  layered  sands, 

J.  of  Geotechnical  Engineering  Division,  ASCE  104(GT3)  (1974)  341-356. 

34.  R.  S.  Shandu  and  E.  L.  Wilson,  Finite  element  analysis  of  seepage  in  elastic  media,  J. 

of  Engrg.  Mech.  Division,  ASCE  95(EM3)  (1969)  641-652. 

35.  J.  H.  Prevost,  Consolidation  of  anelastic  porous  media,  J.  of  Engrg.  Mech.  Divisions, 

107(EM1)  (1981)  169-186. 

36.  J.  H.  Prevost,  Non-linear  transient  phenomenon  in  saturated  porous  media,  Comput. 

Methods  Appl.  Mech.  Engrg.  30  (1982)  3-18. 

37.  O.  C.  Zienkiewicz  and  T.  Shiomi,  Dyanamic  behavior  of  saturated  porous  media,  the 

generalized  Biot  formulation  and  its  numerical  solution,  Int.  J.  Numer.  Anal. 
Methods  Geomech.  8  (1984)  71-96. 

38.  P.  D.  Kiousis  and  G  Z.  Voyiadjis,  Lagrangian  continuum  theory  for  saturated  porous 

media,  J.  of  Engrg.  Mechanics,  ASCE  111(10)  (1985)  1277-1288. 

39.  R.  I.  Borja  and  E.  Alarcon,  A  mathematical  framework  for  finite  strain  elastoplastic 

consolidation,  Part  1:  Balance  laws,  formulation  and  linearization,  Comput. 
Methods  Appl.  Mech.  Engrg.  122  (1995)  145-171. 

40.  A.  Needleman  and  V.  Tvergraad,  Finite  element  analysis  of  localization  plasticity,  in: 

J.  T.  Oden  and  G.  F.  Carey,  eds.,  Finite  Elements,  Vol.  V:  Special  Problems  in 
Solid  Mechanics  (Prentice-Hall,  Englewood  Cliffs,  NJ,  1984). 


186 


41.  J.  H.  Argyris  and  J.  St.  Doltsins,  On  the  large  strain  inelastic  analysis  in  natural 

formulation  -  Part  I:  Quasistatic  problems,  Comput.  Methods  Appl.  Mech.  Engrg. 
20(1979)213-252. 

42.  J.  H.  Argyris,  J.  St.  Doltsins,  P.  M.  Pimenta  and  H.  Wiistenberg,  Theromechanical 

response  of  solids  at  high  strains  -  natural  approach,  Comput.  Methods  Appl. 
Mech.  Engrg.  32  (1982)  3-57. 

43.  J.  C.  Simo  and  M.  Ortiz,  A  unified  approach  to  finite  deformation  elastoplastic 

analysis  based  on  the  use  of  hyperelastic  constitutive  equations,  Comput.  Methods 
Appl.  Mech.  Engrg.  49  (1985)  221-245. 

44.  J.  C.  Simo,  On  the  computational  significance  of  the  intermediate  configuration  and 

hyperelastic  stress  relations  in  finite  deformation  elastoplasticity,  Mech.  Mater.  4 
(1985)439-451. 

45.  J.  C.  Nagtegaal,  D.  M.  Paeks  and  J.  R.  Rice,  On  numerically  accurate  finite  element 

solutions  in  the  fully  plastic  range,  Comput.  Methods  Appl.  Mech.  Engrg.  4 
(1974)  153-177. 

46.  J.  C.  Simo,  R.  L.  Taylor  and  K.  S.  Pister,  Variational  and  projection  methods  for  the 

volume  constraint  in  finite  deformation  elastoplasticity,  Comput.  Methods  Appl. 
Mech.  Engrg.  51  (1985)  177-208. 

47.  J.  C.  Simo,  A  framework  for  finite  strain  elastoplasticity  based  on  maximum  plastic 

dissipation  and  multiplicative  decomposition:  Part  I.  Continuum  formulation;  Part 
II.  Computational  aspects,  Comput.  Methods  Appl.  Mech.  Engrg.  66  (1988)  199- 
219,  68  (1988)  177-208. 

48.  G.  Weber  and  L.  Anand,  Finite  deformation  constitutive  equations  and  a  time 

integration  procedure  for  isotropic,  hyperelastic-viscoelastic  solids,  Comput. 
Methods  Appl.  Mech.  Engrg.  79  (1990)  173-202. 

49.  A.  L.  Eterovich  and  K.  J.  Bathe,  A  hyperelastic-based  large  strain  elasto-plastic 

constitutive  formulation  with  combined  isotropic-kinematic  hardening  using 
logarithmic  stresses  and  strain  measures,  Int.  J.  Numer.  Methods  Engrg.  30  (1990) 
1099-1115. 

50.  Dj.  Peric,  D.  R.  J.  Owen  and  M.  E.  Honnor,  A  model  for  finite  strain  elastoplasticity, 

in:  R.  Owen,  E.  Hinton  and  E.  Onate,  eds.,  Proc.  2nd  Int.  Conf.  On  Computational 
Plasticity  (Pineridge,  Swansea,  1989)  111-126. 

51.  B.  Moran,  M.  Ortiz  and  F.  Shi,  Formulation  of  implicit  finite  element  methods  for 

multiplicative  plasticity,  Int.  J.  Numer.  Methods  Engrg.  29  (1990)  483-514. 


187 


52.  S.  J.  Kim  and  J.  T.  Oden,  Finite  element  analysis  of  a  class  of  problems  in  finite 

strain  elstoplasticity  based  on  the  thermodynamical  theory  of  materials  of  type  N, 
Comput.  Methods  Appl.  Mech.  Engrg.  53  (1985)  277-302. 

53.  E.  H.  Lee,  Elastic-plastic  deformation  at  finite  strains,  J.  Appl.  Mech.  (1969)  1-6. 

54.  R.  I.  Borja,  C.  Tamagnini  and  A.  Amorosi,  Coupling  plasticity  and  energy- 

conserving  elasticity  models  for  clays,  J.  of  Geotech.  and  Geoenv.  Engrg.,  ASCE 
123(10)  (1997)  948-957. 

55.  R.  I.  Borja  and  C.  Tamagnini,  Cam-Clay  plasticity  Part  III:  Extension  of  infintesimal 

model  to  include  finite  strains,  Comput.  Methods  Appl.  Mech.  Engrg.  155  (1998) 
73-95. 

56.  L.  Malvern,  Introduction  to  the  Mechanics  of  a  Continuous  Medium  (Prentice-Hall, 

Englewood  Cliffs,  NJ,  1969). 

57.  R.  L.  Schiffman,  Stress  components  of  a  porous  medium,  J.  of  Geophysical 

Research,  75  (1970)  4035-4038. 

58.  C.  W.  Gear,  Simultaneous  numerical  solution  of  differential/algebraic  equations, 

IEEE  Trans.  Circuit  theory,  CT-18  (1971)  89-95. 

59.  C.  W.  Gear,  Numerical  Initial  Value  Problems  in  Ordinary  Differential  Equations 

(Prentice-Hall,  Englewood  Cliffs,  NJ,  1971). 

60.  C.  W.  Gear  and  K.  W.  Tu,  The  effect  of  variable  mesh  size  on  the  stability  of 

multistep  methods,  SIAM  J.  Numer.  Anal.  11  (5)  (1974)  1025-1043. 

61.  C.  W.  Gear,  B.  Leimkuhler  and  G.  K.  Gupta,  Automatic  integration  of  Euler- 

Lagrange  equations  with  constraints,  J.  Comput.  Appl.  Math.  12/13  (1985)  77-90. 

62.  T.  Kato,  On  the  Trotter-Lie  Product  Formula,  Proc.  Japan  Acad.  50  (1974)  694-698. 

63.  M.  Ortiz  and  E.  P.  Popov,  Accuracy  and  Stability  of  Integration  Algorithms  for 

Elastoplastic  Constitutive  Relations,  Int.  J.  Numer.  Methods  Engrg.  21  (1985) 
1561-1576. 

64.  T.  W.  Lambe  and  R.  V.  Whitman,  Soil  Mechanics  (John  Wiley  &  Sons,  NY,  1969). 

65.  M.  Zyntynski,  M.  K.  Randolph,  R.  Nova,  and  C.  P.  Wroth,  On  modeling  the 

unloading-reloading  behavior  of  soils,  Int.  J.  Numer.  Anal.  Methods  Geomech.,  2 
(1978),  87-93. 


188 


66.  A.  Gens  and  D.  M.  Potts,  Critical  state  models  in  computational  geomechanics, 

Engrg.  Comput,  5  (1988)  178-197. 

67.  J.  C.  Simo  and  G.  Meschke,  A  new  class  algorithms  for  classical  plasticity  extended 

to  finite  strains.  Application  to  geomaterials,  Comput.  Mech.  11  (1993)  253-278. 

68.  G.  T.  Houlsby,  The  use  of  variable  shear  modulus  in  elastic-plastic  model  for  clays, 

Comput.  Geotech.  1  (1985)  3-13. 

69.  K.  Hashiguchi  and  M.  Ueno,  Elasto-plastic  constitutive  laws  for  granular  materials, 

in:  S.  Murayama  and  A.  N.  Schofield,  eds.,  Consitutive  Equations  of  Soils,  Proc. 
9th  Int.  Conf.  Soil  Mech.  Found.  Engrg.,  Specialty  Session  9  (Tokyo,  1977)  73- 
82. 

70.  R.  Butterfield,  A  natural  compression  law  for  soils,  Geotechnique  29  (1979)  469- 

480. 

71.  K.  Hashiguchi,  On  the  linear  relations  of  V-ln  p  and  In  u-ln  p  for  isotropic 

consolidation  of  soils,  Int.  J.  Numer.  Analyt.  Methods  Geomech.  19  (1995)  367- 
376. 

72.  P.  Perzyna,  The  constitutive  equations  for  workhardening  and  rate  sensitive  plastic 

materials,  Proc.  of  Vibrational  Problems,  Warsaw,  4(1963),  No.  3,  281-290. 

73.  O.C.  Zienkiewicz,  C.  Humpheson,  and  R.  W.  Lewis,  Associated  and  non-associated 

viscoplasticity  and  plasticity  in  soil  mechanics,  Geotechnique,  25(1975)  671-689. 

74.  T.  Adachi  and  F.  Oka,  Constitutive  equations  of  normally  consolidated  clay  based  on 

elasto- viscoplasticity,  Soils  and  Foundations,  22  (1982),  No.  4,  57-70. 

75.  Y.  Dafalias,  Bounding  surface  elastoplasticity-viscoplasticity  for  particulate  cohesive 

media,  Proc.  IUTAM  Symp.  on  Deformation  and  Failure  of  Granular  Materials, 
(1982)  97-107. 

76.  M.  G.  Katona,  Evaluation  of  viscoplastic  cap  model,  J.  Geotech.  Engrg.,  ASCE,  110 

(1984),  1106-1125. 

77.  G.  Y.  Baladi  and  B.  Rohani,  Development  of  an  elasto-viscoplastic  constitutive 

relationship  for  earth  materials,  Mechanics  of  Engineering  Materials,  eds.,  C.  S. 
Deasi  and  R.  H.  Gallagher  (John  Wiley  &  Wiley  Ltd.,  London,  1984)  23-43. 

78.  W.  Olszak  and  P.  Perzyna.,  The  constitutive  equations  of  the  flow  theory  for  a  non- 

stationary  yield  condition,  Proc.  1 1th  Int.  Congress  of  Applied  Mechanics,  (1966), 
545-553. 


189 


79.  H.  Sekiguchi,  Rheological  characteristics  of  clays,  Proc.  9th  ICSMFE,  1  (1977),  289- 

292. 

80.  A.  Dragon  and  Z.  Mroz,  A  model  for  plastic  creep  of  rock-like  materials  accounting 

for  the  kinetics  of  fracture,  Int.  Journal  Rock  Mech.  Min.  Sci.  Geomech.,  Abstr., 
16  (1979),  253-259. 

81.  R.  Nova,  A  viscoplastic  constitutive  model  for  normally  consolidated  clay,  Proc. 

IUTAM  Symp.  on  Deformation  and  Failure  of  Granular  Materials,  (1982)  287- 
295. 

82.  T.  Matsui  and  N.  Abe,  Elasto/viscoplastic  constitutive  equation  of  normally 

consolidated  clays  based  on  flow  surface  theory,  Proc.  5th  ICONMG,  1(1985), 
407-413. 

83.  J.  E.  Marsden  and  T.  J.  R.  Hughes,  Mathematical  Foundation  of  Elasticity  (Prentice- 

Hall,  Englewood  Cliffs,  NJ,  1983). 

84.  I.  Babuska,  The  finite  element  method  with  Lagrangian  multipliers,  Numerische 

Matmatik,  20  (1973),  179-192. 

85.  F.  Brezzi,  On  the  existence,  uniqueness  and  approximation  of  saddle-point  problems 

arising  from  Lagrangian  multipliers,  Reveu  Francaise  d'  Automatique 
Informatique  Reserche  Opertionelle,  Analyse  Numerique,  8  (1974),  129-151. 

86.  T.  J.  Hughes,  The  Finite  Element  Method  -  Linear  Static  and  Dynamic  Finite 

Element  Analysis  (Prentice-Hall,  Englewood  Cliffs,  NJ,  1987). 

87.  R.  I.  Borja,  C.  Tamagnini  and  E.  Alarcon,  Elastoplastic  consolidation  at  finite  strain 

Part  2:  Finite  element  implementation  and  numerical  examples,  Comput.  Methods 
Appl.  Mech.  Engrg.  159  (1998)  103-122. 

88.  R.  F.  Scott,  Principles  of  Soil  Mechanics  (Addison-Wesley,  Reading,  MA,   1963). 

89.  R.  L.  Schiffman,  A.  Chen  and  J.  C.  Jordan,  The  Consolidation  of  a  Half  Plane, 

MATE  Report  67-3  (U.  Illinois,  Chicago  Circle,  1967). 

90.  D.  Bloomquist,  Centrifuge  modeling  of  Large  Scale  Consolidation  Phenomena  in 

Phosphatic  Clay  Retention  Ponds,  Ph.D.  dissertation,  University  of  Florida,  1982. 

91.  P.  E.  Andersen,  Centrifugal  and  Numerical  Modeling  of  the  Consolidation  Behavior 

of  Phosphatic  Waste  Clay,  Master's  Thesis,  University  of  Florida,  1997. 


190 


92.  M.  C.  McVay,  F.  C.  Townsend  and  D.  Bloomquist,  Quiescent  consolidation  of 

phosphatic  waste  clays,  Journal  of  Geotechnical  Engineering  Division,  ASCE, 
112-11(1986),  1033-1049. 

93.  M.  R.  Hausmann,  Engineering  Principles  of  Ground  Modification  (McGraw-Hill, 

New  York,  1990). 

94.  J.  Serrin,  Mathematical  Principles  of  Classical  Fluid  Mechanics,  Encyclopedia  of 

Physics,  Vol.  VIII/1,  S.  Flugge,  ed.  (Springer- Verlag,  Berlin,  1959) 


BIOGRAPHICAL  SKETCH 
Zafar  Ahmed  was  born  in  Dhaka,  Bangladesh,  in  1967.  He  received  his  bachelor's 
degree  in  civil  engineering  from  the  Bangladesh  University  of  Engineering  and 
Technology  in  1991.  He  received  his  master's  degree  in  civil  engineering  from  the 
University  of  Florida  in  fall  1995.  Upon  completion  of  his  master's  degree,  he  enrolled  in 
the  Ph.D.  program  in  civil  engineering  at  the  University  of  Florida  in  spring  1996. 


191 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to 
acceptable  standards  of  scholarly  presentation  and  is  fully  adequate,  in  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


Michael  C.  McVay,  Chairman 
Professor  of  Civil 
Engineering 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to 
acceptable  standards  of  scholarly  presentation  and  is  fully  adequate,  in  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


_j*f*~J£  C  . 


Frank  C.  Townsend 
Professor  of  Civil 
Engineering 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to 
acceptable  standards  of  scholarly  presentation  and  is  fully  adequ^te>}n  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


J\A_  JbfrVsJ 


Davidson 
or  of  Civil 
eering 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to 
acceptable  standards  of  scholarly  presentation  and  is  fully  adequate,  in  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


David  G.  Bloomquist 
Associate  Professor  of  Civil 
Engineering 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to 
acceptable  standards  of  scholarly  presentation  and  is  fully  adequate,  in  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


William  W.  Hager 
Professor  of  Mathematics 


This  dissertation  was  submitted  to  the  Graduate  Faculty  of  the  College  of 
Engineering  and  to  the  Graduate  School  and  was  accepted  as  partial  fulfillment  of  the 
requirements  for  the  degree  of  Doctor  of  Philosophy 

August  1999 

a 


M.J.  Ohanian 

Dean,  College  of  Engineering 


Winfred  M.  Phillips 
Dean,  Graduate  School 


LI 

1780 

1991 


UNIVERSITY  OF  FLORIDA 


3  1262  08554  4392 


